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Introduction 



Thirty-two years after its introduction by Gerard 't Hooft, the l/N c expansion in QCD, where 
N c is the number of colors, has revealed itself to be a powerful tool which has played an im- 
portant role in numerous theoretical aspects of QCD. Among these, one can cite the problems 
of color confinement and spontaneous chiral symmetry breaking. One has not to forget the 
large N c lattice calculations which can provide a quantitative control and information about 
the range of applicability of the theory. 

During the last fifteen years, the phenomenology of baryons has been another important 
application of the large N c QCD. At this energy regime, it is not possible to make a pertur- 
bative expansion of QCD, the coupling constant being too large. The traditional issue was to 
derive baryon properties with the help of effective theories or constituent quark models. The 
results are naturally model dependent. The 1/N C expansion generates a new perturbative 
approach to QCD, not in the coupling constant, but in the parameter 1/N C . This expansion 
can be applied to low energy regime and provides a new theoretical method that is quantita- 
tive, systematic and predictive. 

This new theoretical framework was first applied to baryons by Witten in 1979, who de- 
termined the so called large N c counting rules which allow to find the N c order of Feynman 
diagrams. From the color confinement of quarks, he proved that baryons must be composed 
of N c valence quarks and that the baryon mass is of order 0(N C ). He studied the meson- 
baryon scattering amplitude and found that this amplitude is of order 0(N®). 

This important result has led to the discovery by Gervais and Sakita in 1984 and in- 
dependently by Dashen and Manohar in 1993 of an exact contracted spin-flavor SU(2iVj) c 
symmetry for ground-state baryons, Nj being the number of light flavors. This symmetry 
implies the existence of an infinite tower of degenerate ground-state baryons. When N c — > oo 
the SU(2iVy) algebra, used in quark-shell models, is identical to SU(2iVj) c algebra. This 
property allows a systematic 1/N C expansion of various static QCD operators like the baryon 
mass, the axial vector current or the magnetic moment in terms of operator products of the 
baryon spin-flavor generators SU(2iV/). Not all the operator products are linearly indepen- 
dent. Operator identities were derived in 1995 by Dashen, Jenkins and Manohar to eliminate 
redundant operators from the QCD operator in the 1/N C expansion. The operator products, 
describing for example the spin-spin operator or SU(iVj) breaking terms, appear in the 1/N C 
expansion accompanied by unknown coefficients which represent reduced matrix elements 
embedding the QCD dynamics. These coefficients are obtained by a fit to experimental data. 

The 1/N C expansion of the ground-state baryon mass operator explains the remarkable 
accuracy of the well know Gell-Mann-Okubo or of the Coleman-Glashow mass relations. 
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New mass relations, satisfied to a non trivial order in 1/N C by the experimental data were 
also predicted. The application to magnetic moments gave new relations between baryon 
magnetic moments, also in agreement with the experimental data. 

The baryons containing a heavy quark, like a charm or a bottom quark, were also studied 
in the 1/N C expansion. In this case, the baryons are governed by a heavy quark spin- flavor 
symmetry as well as by the large N c light quark spin-flavor symmetry. Then, for a baryon 
containing one heavy quark, there are two towers of infinite degenerate ground-state baryons. 
Mass relations implying baryons containing charm and bottom quarks allow predictions of 
the masses of unmeasured charm and bottom baryons. 

A basic question is whether or not the 1/N C expansion can be applied to excited baryons 
which traditionally have been the domain of the quark model, where the results are neces- 
sarily model dependent. In principle 't Hooft's suggestion would lead to an 1/N C expansion 
which would hold in all QCD regimes. Thus the study of excited baryons seems quite natural 
in the 1/N C expansion. The corresponding symmetry is now SU(2iVy) x 0(3). 

The experimental observation supports a classification of excited baryons into groups, 
called bands, which can roughly be associated to N = 0, 1, 2, . . . units of excitation energy, 
like in a harmonic oscillator well. Each band contains a number of SU(2iVj) x 0(3) multi- 
plets. The N = 1 band contains only one multiplet, the [70, 1~ ], the N = 2 band has five 
multiplets, the [56', 0+], the [56,2+], the [70,0+], the [70,2+] and the [20, 1+] but there are 
no physical resonances associated to the [20, 1 + ]. The N = 3 band has 10 multiplets, the 
lowest one being the [70', 1 _ ] and the N = 4 band has 17 multiplets, the lowest one being 
the [56,4+]. 

Until 2003 only the [70, 1~], the [56', 0+] and the [56,2+] multiplets were investigated. 
This was a natural choice because the [70, 1~] multiplet is the lowest in energy and quite 
well separated from the other multiplets. The [56', + ] and the [56, 2 + ] multiplets, from 
symmetries point of view, are the simplest in the N = 2 band. 

Generally the study of excited multiplets is not free of difficulties. The traditional ap- 
proach suggests the decoupling of the wave function into a symmetric ground-state core 
composed of N c — 1 quarks and one excited quark. The method, based on a Hartree approxi- 
mation, has the advantage that the core can be treated like a ground-state baryon. However, 
with this approach, the SU(2iVj) symmetry is broken at order 0(N®) instead of 0(1/N C ) 
as for the ground state. Nevertheless, as the experiments show that the breaking must be 
very small, the 1/N C expansion mass predictions for the non-strange and strange baryons be- 
longing to the [70, 1~] multiplet are consistent with the experimental data and in agreement 
with the constituent quark model results. Furthermore, because of the symmetry properties 
of the [56', + ] and the [56, 2 + ] multiplets, the decoupling of the wave function of baryons 
belonging to these multiplets, into a core and an excited quark, is not needed. In that case, 
the SU(2iVf) symmetry is broken at order 0(1/N C ), like for the ground-state baryons. 

Baryon decays were analyzed too. One can cite the predictions for decays of radially ex- 
cited baryons belonging to the [56', + ] multiplet or of non-strange negative parity baryons. 

The aim of this thesis is to extend previous work and help in understanding the spin- 
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flavor structure of excited baryon states by searching for regularities in the 1/N C expansion. 
We should recall that resonances have a typical width of order of 100 MeV but as in quark 
model calculations we treat the resonances as stable states. The first idea was to complete 
the baryon mass analysis of the N = 2 band with the study non-strange and strange [70, £ + ] 
(£ = 0, 2) multiplets and then to explore the N = 3 and N = 4 bands. 

However we discovered that the task was harder than expected for mixed-symmetric mul- 
tiplets [70] and then we turned to a symmetric multiplet. So we started with the study of the 
[56, 4 + ] multiplet belonging to the N = 4 band, which is quite easy because the treatment is 
very similar to the one of the [56, 2 + ] multiplet. Next we analyzed the non-strange baryons 
in the [70, + ] and [70, 2 + ] multiplets. The problems began when we decided to study the 
[70, i + ] strange baryons. We had first to derive the matrix elements of the SU(6) spin-flavor 
group for a symmetric wave function. In addition, the wave functions used for the [70, £ + ] 
multiplets were based on the traditional decoupling picture described above. Progressively, 
we realized that this approach violates the permutation symmetry S n c due to an incomplete 
antisymmetrization of the wave functions. 

Recently, we proposed a new approach in which we consider the baryon wave function 
in one block, without decoupling it into a symmetric core and an excited quark. The sym- 
metrization of the wave function is now properly taken into account. The main outcome 
is that the SU(2iVy) symmetry is broken at order 0(1/N C ), like for the ground state. One 
difficulty of this new picture is that it implies the knowledge of the matrix elements of the 
spin-flavor generators for a mixed-symmetric spin-flavor wave function composed of N c par- 
ticles. For the case of two flavors, the problem is solved. We applied this new approach to 
the non-strange baryons belonging to the [70, l - ] multiplet. 

This thesis is divided in six chapters and five appendices. Chapter 1 gives an introduction 
to large iV c QCD. 't Hooft's double line notation is presented as well as Witten's large N c 
power counting rules which allow us to determine the order 0(N C ) of Feynman diagrams. 
We discuss the main properties of mesons and baryons in the large N c limit. This chapter 
finishes with the introduction to large N c meson-baryon coupling. 

The second chapter is devoted to the baryon structure. A simple quark-shell model pic- 
ture is presented in order to introduce the main baryon quantum numbers like the spin S, 
the isospin / or the angular momentum t and the general feature of the baryon spectrum. 
Even if this model is very simple, the picture remains general. Furthermore it can be easily 
generalized to baryon composed of N c quarks as it is shown in the second part of this chapter. 

The third chapter is dedicated to ground-state baryons. The exact SU(2iVy) c symmetry 
is explained as well as its relations to the SU(2iVy) symmetry introduced in Chapter 2 in the 
context of the quark-shell model. Then, the 1/N C expansion of a baryon static operator is 
analyzed and the operator identities necessary to obtain an 1/N C expansion composed of lin- 
early independent operators are summarized. This chapter ends with an explicit application 
to the ground-state baryon mass operator. 

For deriving the mass operator of ground-state and excited state baryons, one needs to 
know the matrix elements of the SU(6) generators for a symmetric spin-flavor wave function 
composed of iV c particles. Chapter 4 is devoted to the derivation of these matrix elements. 
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A generalized Wigner-Eckart theorem is presented reducing the problem to the knowledge of 
SU(6) isoscalar factors. For a symmetric spin-flavor wave function one can calculate them 
by deriving explicitly the matrix elements of generators acting on one particle as they are 
identical for all particles of the wave function. In the last part of the chapter, the matrix 
elements of the generators of the SU(4) group for a symmetric spin-flavor wave function are 
recovered. 

The decoupling picture of excited baryons is detailed in Chapter 5. This chapter begins 
with the Hartree approximation, exact in the N c — » oo limit and serving as a starting point 
for the decoupling approach. The baryon wave function for symmetric and mixed-symmetric 
multiplets are written explicitly and the 1/N C expansion to excited states is presented. Ap- 
plications to the [70, £ + ] (£ = 0, 2) and [56, 4 + ] multiplets constitute the second part of the 
chapter 5. 

Chapter 6 presents the new approach of excited baryons without decoupling the baryon 
wave function into a symmetric core and an excited quark. It starts with a discussion of the 
baryon wave function in term of the permutation group Stv c - An unified treatment of the 
spin-orbit operator for symmetric and mixed-symmetric orbital or spin-flavor wave function 
is proposed. The study of the [70, 1 _ ] multiplet in this new light finishes this thesis. 

Many of the analytical details related to the different chapters are given in the Appendices 
A-E. 



Chapter 1 



Large N c QCD 



1.1 Introduction 

Quantum Chromodynamics (QCD) is a non-Abelian gauge field theory based on the SU C (3) 
group, where the subscript c stands for color. It describes the strong interactions of colored 
quarks and gluons. As the quarks come in three colors, they belong to the fundamental 
representation of the group SU C (3). One has eight gluons as they belong to the adjoint rep- 
resentation of the color group. Hadrons are color singlet combinations of quarks, antiquarks 
and gluons. 

It is impossible to solve QCD exactly because of the complexity of the phenomena de- 
scribed. Like for Quantum Electrodynamics (QED), one can try to make a perturbative 
expansion of the theory in terms of the coupling constant g. Figure [TTT1 which represents the 
evolution of the QCD coupling constant with the energy scale suggests that QCD has two 
energy distinct regimes. At high energy, where the coupling constant is small, leading to the 
asymptotic freedom, one can apply a perturbative approach and then explain the high energy 
behavior for the production and the interaction of hadrons. 

At low energy regime, typical for baryon spectroscopy, such a perturbative method does 
not work. Some nonperturbative approaches have been developed to solve the problem. One 
can cite for example the computational approach of lattice QCD. However, its application to 
baryon spectroscopy needs an improvement of the calculation methods and of the capacity 
of our computers. Another way to extend QCD to nucleons is to construct phenomenologic 
models inspired by QCD. It has already been done with success in the past. For example, 
concerning nucleons, these studies gave a description of baryon spectra generally in agree- 
ment with the experimental data. Here, we have chosen to use another promising approach, 
the large N c QCD. 

Large N c QCD is a non-Abelian gauge theory based on the SXJ C (N C ) color group where 
N c is the number of colors. The generalization of the QCD Lagrangian to large N c is given 



where the gauge field strength and the covariant derivative, = + igA^, are defined as 
in QCD and Nf is the number of flavors. This generalization of the classical SU C (3) QCD to 



by 09] 




(1.1) 
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Large N c QCD 




Figure 1.1: Evolution of the effective coupling constant a s = 5 f2 /4-7r with the energy scale /i 



an arbitrary large N c was introduced for the first time by 't Hooft in 1974 [H], when 1/N C 
was suggested as the expansion parameter of the theory. The idea was considered in detail by 
Witten [92] who introduced large N c power counting rules for the Feynman diagrams. With 
this point of view, the number of quarks is N c and the number of gluons is N% — 1 = O(N^). 
As a result one obtains a new perturbative expansion not in the coupling constant, like in 
QED, but in powers of 1/N C . 

One may wonder about the meaning of an expansion in 1/N C as one knows that in the 
real world one has N c = 3. We can give only a pragmatic answer by comparing the predic- 
tions made by such an expansion with phenomenological models and experimental data. We 
have to stress the fact that during the calculations, one considers the 1/N C expansion rather 
than the N c — > oo limit. One keeps only leading terms in 1/N C and neglects sub leading orders. 

To define the large N c limit, one has first to find the 1/N C order of quark-gluon diagrams. 
In a second stage, one can introduce mesons and baryons in large N c QCD and study the 
interactions between them. 



1.2 Feynman diagrams for large N c 

In large -/V c QCD, one can suppose that as the number of colors is very important, a lot of 
new intermediate states, which do not exist for N c = 3, can appear during a process. They 
come form the fact that even if the color quantum numbers of the initial and final states 
are specified, one can have an indetermination on the color of the intermediate state. This 
introduces new intermediate states. The sum over these intermediate states gives rise to large 
combinatoric factors. As the number of intermediate states will differ from one process to 
another, some Feynman diagrams will be suppressed. 

To find the 1/N C order of Feynman diagrams, it is very useful to use the double line nota- 



1.2 Feynman diagrams for large N c 
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tion introduced by 't Hooft [H]. In this notation one can replace the gluon gauge field (A 11 ) 
in the adjoint representation by the tensor field {A^) 1 - with the indices i and j belonging to the 
fundamental representation of the SU c (iV c ) group, as illustrated in Figure [L2l So, the gluon 
field has one upper index like the quark field q l and one lower index like the antiquark field ijj. 



Figure 1.2: A gluon in the traditional and in the double line notation. 

By using the double line notation, let us first consider the one-loop gluon vacuum polariza- 
tion diagram (Figure II. 3p . By looking at the right part of Figure II. 3| it is easy to determine 
the combinatoric factor of this diagram. Indeed, the color quantum numbers of the ini- 
tial and final states are specified but not the central index k which leads to a combinatoric 
factor of N c for this Feynman diagram. If N c —* oo the contribution of this diagram is infinite. 

To obtain a finite limit for this process, one can renormalize the theory by introducing a 
new coupling constant g/y/Nc instead of g. Then 

when N c -> oo, (1.2) 



where g is fixed when N c becomes large. In the one-loop gluon vacuum polarization we have 
two vertices and one combinatoric factor N c . With this renormalization, the order of the 
Feynman diagram in Figure 11.31 becomes 

^N c = g 2 (1.3) 



independent of N c , as expected. 




Figure 1.3: The gluon vacuum polarization. The double line representation of the diagram 
is on the right part of the figure. 

With the renormalization, quark-gluon vertices and 3-gluons vertices are of order l/^/N c . 
However, 4-gluons vertices are of order 1/N C because Feynman rules give these vertices pro- 
portional to g 2 . Figure H3] summarizes these considerations. 
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Large N c QCD 




Figure 1.4: Quark-gluon, three-gluons and four-gluons vertices in classical and double line 
notation. 

To extract the power counting rules for large N c Feynman diagrams, let us determine the 
order of some diagrams. Let us first have a look at the two-loop diagram drawn in Figure 
11.51 The order of this diagram is (1/y^Vc) 4 X N% = 1. Indeed, in the right-hand side of the 
figure, we have two internal loops so a combinatoric factor of N% appears and four vertices. 
Figure fl~6l is another example, with three-self-contracted loops and six interactions vertices, 
of a diagram of order 1, as well. Concerning the four- loop diagram (Figure fl.7p . the order is 
(l/\/7Vc) 8 x N£ = 1. All these planar diagrams - they can be drawn in the plane - survive 
in the large iV c limit. 




Figure 1.5: A two- loop diagram of order 1. 




Figure 1.6: A three-loop diagram of order 1. 

Let us examine a non-planar diagram (Figure II. 8p . This diagram has the particularity of 
being impossible to be drawn in a plane without line crossing (at points where there are no 
interaction vertices). It is suppressed in the large N c limit as it is of order (1/\J~W C ) & x N c = 
1/iVp . By considering some other examples, it is possible to show that all non-planar Feynman 
diagrams are of maximal order of 1/N% so they vanish in the large N c limit. Contrary, all 
planar diagrams made with arbitrary number of gluon loops are of order 1. 



1.2 Feynman diagrams for large N c 
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Figure 1.7: A four-loop diagram of order 1. 




Figure 1.8: A non-planar diagram of order 1/iVf . 

A quark loop is presented in Figure 11.91 We do not have a combinatoric factor as the 
color indices are fixed by the initial and final states. There are two vertices, so a factor \/N c 
appears. This diagram, of order 1/N C , is also suppressed at N c — * do. Consider now Figure 
11.101 with one internal quark loop. This diagram also vanishes in the large N c limit as it is 
of order (l/v 7 ^) 6 x iV c 2 = 1/N C . 

Form these considerations, one can establish the following large N c counting rules: 

• Planar gluon insertions do not change the order of the diagram. 

• Each non-planar gluon line is suppressed by a factor of 1/N%. 

• Internal quark loops are suppressed by factors of 1/N C . 

In conclusion, the leading Feynman diagrams are planar and contain a minimum number of 
quark loops. 




Figure 1.9: Quark bubble of order 1/N C . 

Before ending this section, we have to make few comments on the two-point function 
(J(y)J(x)) of a current correlation function J. This function creates a meson at the point 
x and annihilates the meson at y. In Figure fl. Ill are drawn two examples of such diagrams. 
On the left part of the figure, a combinatoric factor of N c appears as there are no constraint 
on the color indices of the quark loop. On the right part, an internal quark loop is added. 
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Large N c QCD 




Figure 1.10: A quark loop inside a gluon loop of order 1/N C . 

This diagram, with six vertices and three internal loops, of order {l/\fW c ) & x N% = 1, is 
non-dominant by comparison with the diagram drawn in left-hand side of the figure. One 
can directly show that diagrams with internal gluon loops are of order N c . Figure [1 . 1 2 1 shows 
that a non-planar gluon induces a suppression factor of 1/N C . 




Figure 1.11: On the left, a two point function diagram, depicting the propagation of a meson, 
of order N c . On the right, the same diagram with an internal quark loop, of order 1. 




Figure 1.12: A non-planar contribution of the current correlation function of order 1. 

The general conclusion is that dominant two-point function diagrams for large N c are 
planar diagrams with only a single quark loop which runs at the edge of the diagram. 

Leading order Feynman diagrams can be very complicated. For example, as we have seen, 
if we replace the internal quark loop of the diagram drawn in the right-hand side of Figure 
11.111 by a gluon loop, we obtain a diagram of order N c like the left-hand side one. This kind 
of diagrams with a lot of gluons inside are impossible to evaluate. So we are not able to sum 
the planar diagrams. However, we assume that QCD is still a confining theory at large N c 
|92j . With this assumption we will deduce some properties interesting for large N c mesons 
and baryons. We have just to keep planar diagrams and neglect other ones. 



1.3 Mesons in large N c QCD 
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1.3 Mesons in large N c QCD 

One might wonder about the interest to study mesons here, as we plan to apply large N c QCD 
to baryon spectroscopy. In fact, some important results used in the expansion of the mass 
operator of baryons depend on the baryon-meson scattering. Before studying this process, 
we need to learn some properties of large N c mesons. 

Large N c mesons are colorless bound states composed of a quark and an antiquark. The 
color-singlet meson wave function is given by [2] 




N c terms 



where I, m and n represent some color quantum numbers. One can notice that the sum over 
the N c possible color quantum numbers leads to a combinatoric factor of \/N c . 




Figure 1.13: An intermediate state contributing to (J J) [92]. 



Let us analyze meson creation and annihilation diagrams. Let us prove that the operator 
J(x) which corresponds to a local quark bilinear such as qq or q^q having good quantum 
number to create a meson, creates only one-meson states in the large N c limit. Let us consider 
Figure 11.131 where a two-point function of a quark bilinear is represented. One has to prove 
that the intermediate state is a qq pair. In a confining theory, that means we have one meson. 
We have cut the diagram in a typical way. If we look at the right part of the diagram, we 
have an intermediate state with one quark, one antiquark and two gluons. To obtain only 
one meson state, this intermediate state must form only one colorless hadron. It is the case. 
Indeed, if we look at the color structure of the state we have 

q k A k 3 4q\ (1.5) 

which corresponds to a color singlet. In fact, if we analyse all possible planar diagrams, it is 
possible to show that we will obtain only this kind of combinations, a quark-antiquark pair 
at the end and gluon fields in the center. With non-planar diagrams like Figure 11.121 we can 
have a group structure like 

q^A^Af, (1.6) 

which is a product of two color singlet operators, q^A^q 1 and AmA™. These intermediate 
states can be interpreted as representing one meson and one color singlet glue state. As 
non-planar diagrams are suppressed in the large N c limit, only intermediate states like Eq. 
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(II. 5p exist in the large N c limit. 

As the intermediate state of the two-point function of J is a meson one can write 

(J(k)J(-k))=J2§^~N c , (1.7) 

n n 

where we sum over physical intermediate states without color degrees of freedom which means 
a sum over all planar Feynman diagrams contributing to the two-point function. The color 
combinatoric factor of each Feynman diagrams must be absorbed into (0| J\n) 2 which is the 
probability to create a meson from the vacuum. So, a factor y/Nc is attached to each meson 
annihilation or creation point. In other words the matrix element (0|J|n) for a current to 
create a meson is of order \fN~ c - The meson decay constant f m is then of order, 

/ m ~ (0|J|n) ~0{y/N~ c ). (1.8) 

This result is not surprising if we look at Eq. (jl.ip . The sum over N c colors in the equation, 
corresponding to N c terms appearing from the indetermination of the color quantum number 
in the quark loop of Figure 11.131 leads to \fW c . 

One can summarize the result concerning the two-point function in large iV c : (J(x)J(y)) 
is a sum of planar Feynman diagrams in which J creates a meson with amplitude (n\J\0), 
which propagates with a propagator l/(/c 2 — m 2 ). 

Consider now Figure 11.141 which represents a typical three-point function. Each cross 
represents a meson creation or annihilation point. For each meson insertion on the quark 
loop, a factor of \fN~ c is attached. As this diagram is of order N c , the three-meson vertex is 
of order 1 / \fW c - 

Let us generalize and take a k point function. Each current creates one meson and the 
quark loop planar diagram is of order iV c , 



fc— meson vertex 
quark loop ' lT™o 




fc mesons 



The k— meson vertex is then of order (1/ ' \fTf c ) k 2 . 

Let us summarize the properties of large N c mesons. 

• The pion decay constant f n is of order y/Nc. 

• The mass of a meson is of order 1, as inferred by Eq. (|l,4p . 

• The amplitude for a meson to decay into two mesons is of order 1 / \/N c . 

• As the number of mesons entering in a vertex increases, the power of 1/N C of the vertex 
increases (Eq. (jl.9p ). For example, the self-coupling of three mesons is of order 1/\JN C \ 
the self-coupling of four mesons is of order 1/N C ; etc. 

• As the number of planar diagrams describing two point functions is infinite, the number 
of intermediate meson states is infinite. 

In conclusion, large N c mesons are free, stable and non-interacting. 



1.4 Large N c baryons 
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Figure 1.14: Dominant three mesons diagram. On left part of the figure is drawn in double 
line notation the diagram of the right part. As this diagram is of order N c , the three-meson 
vertex represented must be of order l/yiV^. 



1.4 Large N c baryons 

Baryons in large iV c were first studied in details by Witten [92]. They are colorless bound 
states composed of N c valence quarks antisymmetric in color indices. The color indices of the 
N c quarks are contracted with the SU(iV c ) e-symbol to form the color-singlet state required 
by the color confinement 

£in^.., Nc q h q l2 q t3 ---q lNc - (1-10) 
As the number of quarks grows with iV c , the baryon mass is of order N c . We have also to 
insist on the fact that to obtain a fermionic bound state, the number of colors N c must be 
odd. At leading order, a large N c baryon can be represented by quark-gluon diagrams con- 
sisting of N c valence quark lines with arbitrary planar gluons exchanged between the quark 
lines. As it follows from Section 1.2, the interaction between two quarks is of order 1/N C as 
one gluon is exchanged between the two quark lines, with two quark-gluon vertices of order 
l/y/N c . In the following, we shall only consider ordinary baryons, i.e., baryons which are 
composed of N c valence quarks but not any valence antiquarks as the exotic hadrons named 
pentaquarks, formed of four quarks and an antiquark. 

From Witten's large N c power counting rules, the following properties result for baryon 
in the N c — ► oo limit: 

• Baryon masses are of order N c . 

• Baryon size and shape are of order 1. 



1.5 Meson-baryon couplings 

For the discussion given in Chapter 3, it is very important for us to study meson-baryon 
couplings. Let us first analyze Figure [T. 151 It represents the coupling of a meson to a baryon. 
The two quark-gluon vertices bring a factor (1/ 1 \fW c ) 2 . The sum over colors c in the nucleon 
gives a factor N c . The normalisation of the meson wave function Eq. (jl.4|) bring a factor 
l/y/Nc and the sum over the colors c' in the meson gives a factor iV c Lj. The net dependence 
on N c of this diagrams is then given by [70] 




(1.11) 



x It corresponds to the sum over the N c terms appearing in Eq. (|1.4p . 
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So the baryon-meson coupling is of order y/W c 



Let us now have a look at Figure 11.161 The diagram describes the baryon + meson 
— ► baryon + meson scattering. Here, we have four quark-gluons vertices giving a factor 
(1/\/AQ 4 - The sum over the colors c in the nucleon brings a factor N c . A factor {l/\fW c ) 2 
appears from the normalisation constant of the two mesons. The sum over the colors d and 
c" in each mesons gives a factor (N c ) 2 . The order of this diagram is then given by 



1 



1 



(1.12) 



The baryon-meson scattering diagram is then of order 1. 



One can generalize the counting rules to multimeson-baryon scattering amplitudes. Each 
additional meson in a scattering process reduces the scattering amplitude by a factor of 
1/y/Nc. Then the process baryon + meson — > baryon + (n — 1) mesons is of order Nc n ^ 




Figure 1.15: Coupling of a meson, denoted by colored quarks dd, to a baryon, containing 
colored quark c [70] , diagram of order y/W c . 



d, * 





Figure 1.16: Baryon-meson scattering diagram of order 1. The two mesons are denoted by 
colored quarks dd and c"c". 



Chapter 2 

The baryon structure 



2.1 Introduction 

As we have seen in the first chapter, large N c QCD baryons are described by a number of N c 
valence quarks. Even if the formalism is developed for an arbitrary N c , in applications one 
takes N c = 3. 

In order to understand the structure of baryons formed of N c quarks it is useful first 
to recall the structure of baryons formed of three quarks and then to generalize the wave 
functions to N c quarks. This structure and the wave functions derived in this chapter will be 
used in the following chapters. 

Our aim here is to write baryon wave functions and to introduce the quantum numbers 
of baryons like the spin S, the isospin / or the parity P. For this reason, we will use a simple 
quark-shell model, similar to the shell model of nuclear physics, based on a Hartree-Fock 
approximation, the quarks being confined by an average central potential. With that model, 
it is possible to write simple baryon wave functions. Although the presentation is restricted 
to a very simple model, the picture remains entirely general. Furthermore, one can easily 
generalize the quark-shell model to N c quarks. 

In the quark-shell picture, the general form of a baryon wave function is 

* = ^emX<j>C, (2.1) 

where ip£ m %i 4> an d C are the orbital, spin, flavor and color parts respectively. As already 
noticed in the previous chapter, this wave function must be antisymmetric under the per- 
mutations of the quarks, as baryons are fermions. The nature requires C to be an S\J C (N C ) 
singlet. Because of the color confinement^], one obtains colorless bound states. As the color 
part must be an SU c (iV c ) singlet, which is totally antisymmetric, the remaining part, i.e. 
^tmX4> is always symmetric. 

The Hamiltonian H of a quark-shell model has the form 

H = J2(Ti + V t ) , (2.2) 



x As mentioned in the previous chapter, we assume color confinement for N c > 3 as well. 
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where Tj represents the kinetic energy of a quark i and Vi the average confinement poten- 
tial experienced by the quark i. For simplicity we take a toy model of a three dimensional 
harmonic oscillator confinement. This Hamiltonian is spin-flavor independent, provided the 
quarks u, d and s have identical masses. 

In this work, we consider only "ordinary" baryons made up of valence u, d and s quarks. 
The flavor-independence of the Hamiltonian implies an SU(3) symmetry, its spin-independence, 
an SU(2) symmetry and the rotational invariance, an 0(3) symmetry. As a consequence, the 
symmetry properties of baryons can be described by SU(6) x 0(3), where SU(6) represents 
the spin-flavor symmetry. Baryon states must be SU(6) x 0(3) symmetric. 

This chapter is divided in two parts. We first present the baryon wave functions for 
N c = 3. In the second part, a generalization for N c particles is proposed. 



2.2 The three quarks wave functions 

Let us analyze separately the space part and the spin-flavor part of the wave function. 



2.2.1 The spin-flavor part x0 

If we combine the spin and the flavor degrees of freedom to an SU(6) spin-flavor symmetry, 
each quark can be in one of the six different states u ], u I, d 1, d I, s|, s j. As baryons are 
composed of three quarks, one can make the following direct product 



5(1 



70 



20 



□ x □ x □ = cm+2EP + 



(2.3) 



where the dimensions of the irreducible representations (irreps) are indicated above each 
Young diagram. Baryons must belong to one of these SU(6) multiplets which are symmetric, 
mixed-symmetric and antisymmetric respectively under the permutation of the quarks. It is 
possible to decompose the multiplets into theirs SU(2) x SU(3) contentd: 



56 

cm 

70 

BP 

20 



4 10 

Ep x Ep + cm x cm, 



2 A, 



10 



m x y + m xm + m x m + mx m ; 

2 8 4 □ 

Ep x EP + cm x : . 



(2.4) 
(2.5) 

(2.6) 



The SU(3) flavor weight diagrams for the decuplet and the octet are shown explicitly in 
Figures 12.11 and 1 2.21 The SU(3) flavor wave functions are written in Tables l2~Tl42.3l 



2 See [85] p. 317. 



2.2 The three quarks wave functions 
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Baryon <fr S 

A++ an a 

A+ (uud + udu + duu) 

A -±= {udd + dud + ddu) 

A - ddd 

£+ -j= (uus + usu + suu) 

S° -i= (mg(s + cius + usd + sud + sdu + dsu) 

S" -i= (sdd + dsd + dds) 

H° (itss + sus + ssu) 

H~ (dss + sds + ssd) 

SI - sss 



Table 2.1: Symmetric flavor states of three quarks for the baryon decuplet. 



Baryon 


4> x 


4>f> 


V 


— («du + duu — 2uud) 


-4= (udu — duu) 


n 


(uda! + ditd — 2ddu) 


-j= (udd — dud) 


E+ 


(usu + sun — 2uus) 


— —7= (usu — suu) 


vn 


—-j= (2uds + 2dus 
—sdu — sud — usd — dsu) 


— 2 (usd + dsu — sdu 


£- 


(dsd + sdd - 2dds) 


— —7= (dsd — sdd) 


A" 


i (sud — sdu + usd — dsu) 


— ;== (2uds — 2dus 
+sdu — sud + usd — c 


H° 


— -j= (uss + sus — 2ssu) 


— — ^ (uss — sus) 




— — ^ (dss + sds — 2ssd) 


— -j= (dss — sds) 



— sud) 



Table 2.2: Mixed-symmetric flavor states of three quarks for the baryon octet. 



Baryon </> 

A (sdu — sud + usd — dsu + dus — uds) 



Table 2.3: Antisymmetric flavor states of three quarks for the baryon singlet. 
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A - A A+ A++ 
Yf-— E*^ E* - * - 

n- 

Figure 2.1: Flavor SU(3) weight diagram for the decuplet baryons. 

n P 
E- A°,E° E+ 



Figure 2.2: Flavor SU(3) weight diagram for the octet baryons. 

2.2.2 The orbital part ip lm 
Single particle wave functions 

For finding the wave function of a particle moving in a central three dimensional harmonic 
oscillator potential, we have to solve the Schrodinger equation 

P 2 , ,2 2 



+ -mw V V = Eip. (2.7) 
2m 2 / 

The eigenvalues of this equation are 

E = [N + ^\hu,n = 0,l,... (2.8) 

where N is the number of excited quanta which can be written as 

N = 2n + l, (2.9) 

where £ is the orbital angular momentum quantum number and n = 0, 1, 2, ... is associated 
with the number of nodes in the radial wave function. 

The wave function can be written as [28] 

1>nim = N(arfL^ l l\a 2 r 2 )e- a2r2 l 2 Yrm, (2-10) 

where a 2 = raw, L^ +1//2 is a Laguerre polynomial and M the normalisation constant 

2 2a 3 n! 
11 = ^{n + i+\){n + £-\)...lY (2 - U) 

For each value of N larger than one, several values for n and I are possible. Moreover, for 
each value of £, m can vary from —i to I. The parity of the wave function is given by 



p = (-iy. (2.i2) 



2.2 The three quarks wave functions 
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Here are a few examples of wave functions 

(0.) = Vooo(r) = (^) 1/2 ^=e- aV / 2 , (2.13) 

(Op) = ^im(r) = y|^) ' are- a2r2 / 2 Y?(e,<t>), (2.14) 

(0d) = V 22m (r) = A /4f^V aV 2 e- ttV / 2 F 2 m (M), (2.15) 



15 VvW 

2 /4a 3 \ V V3 e _ a2r2/2 
where on the left-hand side we introduce a compact notation to be used in the following. 



(1.) = V>20o(r) = A /-(^=J ^-«V l\ (2.16) 



Baryon wave functions 

The Hamiltonian H introduced in Eq. (|2.2p becomes 

i=l v 7 

where it is understood that the color degree of freedom was integrated out. The orbital part 
of the wave function of a baryon is obtained as the product of three independent-quark wave 
functions. It must have the correct permutation symmetry to lead to a totally symmetric 
wave function when it is associated with the spin-flavor part x<fi- This means that the orbital 
part must have the same symmetry as the spin-flavor part. 



To remove the center of mass motion one has to introduce the Jacobi coordinates. For 
equal quark masses they are 



R 
A 
P 



1 

V3 



(ri + r 2 + r 3 ), 



-^=(r 1 +r 2 -2r 3 ), 



1 

V2 



(ri - r 2 ) 



(2.18) 
(2.19) 
(2.20) 



Note that these coordinates can be used as basis functions of the symmetric [3] (Eq. (|2.18p ) 
and mixed-symmetric [21] irreps (Eqs. (|2.19p ~ (|2.20p ) of the permutation group S3. The 
Hamiltonian becomes 128 



p2 o 

H = + -muj 2 R 2 

6m 2 



^{pl+P 2 p) + \m^ 2 {\ 2 + p 2 ) 



(2.21) 



where P, and p p are the conjugate momenta to R, A and p respectively. An eigenfunction 
of this Hamiltonian can be written in the form 



x(RMAMp), 



(2.22) 
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where x> <j> an d ip are one-body harmonic oscillator wave functions. The first part describes 
the center of mass motion and the eft, ip parts the internal motion of the quarks. To conserve 
the translation-invariance of the model, in the wave function (|2.22p the center of mass motion 
x(R) is factored out and left in the ground state. States with excitation of the center of mass 
motion are referred to as being spurious. 

Then the parity of the wave function is 

P=(-l)i , (2.23) 

with li, the angular momentum of the different quarks. 

The energy of the state corresponds to the sum over the energies Ei of the different quarks 
which compose the baryon minus the center of mass energy 3/4huj. To label the levels, the 
notation [x,£ p ] is used where x represents the dimension of an SU(6) irrep, £ is the angular 
momentum of the multiplet and P the parity. Note that in a harmonic oscillator picture the 
levels belonging to a given shell (or band) N are degenerate. This degeneracy is lifted in a 
model with a linear confinement. 

The lowest level, with N = corresponds to the ground state. All the quarks are in a (Os) 
state and so we obtain a (Os) 3 configuration. The orbital part of the baryon wave function 
is totally symmetric and therefore the label is [56, + ]. For this multiplet, one can directly 
conclude that decuplet baryons (Figure l2.ip have spin 5 = 3/2 and octet baryons (Figure 
12. 2p have spin S = 1/2. The flavor singlet baryon A must be an excited state. In nature it is 
identified with A(1450) which has J p = 1/2". 

The first excited state, N = 1, must be a (0s) 2 (0p) configuration, with I = 1~. With this 
configuration, it is possible to form symmetric or mixed-symmetric wave functions. However, 
the symmetric wave function is a spurious state as it is proportional to the center of mass 
coordinate r[1. Thus the first excited state of negative parity belongs to the [70, 1~ ] multi- 
plet. 

The N = 2 level is more complicated as three quarks configurations are allowed, i.e. 
(0s) 2 (ls), (0s) 2 (0d) and (0s)(0p) 2 since they all correspond to the same energy. Some of 
these wave functions are spurious. One can make linear combinations of these wave functions 
to obtain non-spurious states. Table E31 gives the proper linear combinations. All the other 
states are spurious. 

Appendix A gives details about the orbital wave functions for the different states and the 
method used to derive the harmonic oscillator configurations written in Table [2~H Table [231 
details the necessary steps for the construction of symmetric SU(6) x 0(3) wave functions 
from their component SU(3) flavor, SU(2) spin and 0(3) for N = 0, 1, 2. In Figure [2~3l a 
schematic picture of the baryon spectrum is sketched. 



3 It corresponds to the internal quark motion being in its ground state but the center of mass moving in a 
(Op) state [23]. 



2.3 Generalization to large N c 
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SU(6) multiplet N L P Harmonic oscillator configuration 



56 








+ l[3](0 S ) 3 } 




70 


1 


1 


- If211(0s) 2 0p^ 




56' 


2 





+ yf|[3](0 S ) 2 (l S )> - , 


/I|[3](0s)(0p) 2 > 


70 


2 





+ y||[21](0 S ) 2 (l S )> + 


^/f|[21](0»)(0p)a> 


56 


2 


2 


+ y§|[3](0s) 2 (0d)>- 


/±|[3](0s)(0p) 2 > 


70 


2 


2 


+ A /I|[21](0 S ) 2 (0d)> + 


y§|[21](0,)(0 P ) 2 > 


20 


2 


1 


+ |[l3](0s)(0p) 2 > 





Table 2.4: Quark-shell model configurations for a harmonic oscillator confinement and N c = 3. 



N = 4 



[56,4 H 



2-3 GeV 



iV 



[20, 1+ 
[70, 2+ 
[56,2+ 
[70, 0+ 
[56', 0" 



2 GeV 



AT = 1 



[70, 1- 



1.5 GeV 



N = 



[56,0" 



Figure 2.3: The lowest levels of the baryon spectrum drawn schematically. An indication of 
the average mass of the baryons belonging to the N = 1, 2 and 4 levels is written on the right 
part of the figure. 



2.3 Generalization to large iV c 



As already introduced, the large N c baryons are composed of N c valence quarks totally 
antisymmetric in color. An important observation is that the baryonic number of large iV c 
baryons becomes 



(2.24) 



inasmuch as the baryonic number of a quark is equal to 1/3. 
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SU(3) 



SU(2) SU(6) 



0(3) SU(6) x 0(3) 



10 



56 



X 0+S [56', 0+] 



10 


X 


1 








8 


X 


2 

3 
2 

1 
2 


70 


2+M 
x 0+M 


[70, 2+] 
[70,0+] 


8 


X 












1 

2 




1~M 


[70,1-] 


1 


X 







8 


x \ 


20 


x 1+A [20,1+] 


1 


x I 







Table 2.5: Steps in forming SU(6) x 0(3) symmetric wave functions for N = 0, 1, 2. The 
subscripts specify in each case the appropriate value of N, and the symmetry S, M, A, is 
specified explicitly for each state. In SU(3) the irreps are labelled by their dimensions 10, 8 
or 1. The irreps of SU(2) are labelled by the total spin 3/2 or 1/2 related to the eigenvalues 
of the Casimir operator of SU(2). The labels S, M, A stand for symmetric, mixed-symmetric 
or antisymmetric [42] . 



2.3.1 Ground-state baryons 

Let us first analyze ground-state baryons. The orbital and the spin-flavor parts of the wave 
function must be separately symmetric under the exchange of two quarks as all the N c quarks 
are in the ground state (Os). We label the symmetric irrep by the partition [N c ]. Its Young 
diagram is shown in Figure l2~H For N c = 3 it corresponds to 56 in SU(6). 



- * 

rrn ^rn...n 

Figure 2.4: Young diagrams for the symmetric irrep of the permutation group S3 and Sn c 

The decomposition of the symmetric representation of SU(6) into its SU(2) x SU(3) 
content can be written in terms of Young diagrams as 

sfrj- Ke-f)+H 

+ ---+(s = ^;m---n) , (2-25) 

where the SU(2) irreps are denoted by the corresponding value of the spin S as in Table 
12.51 This decomposition is a natural generalization of Eq. (|2.4|) . One can infer that large N c 
picture produces an infinite tower of baryon states when N c — > 00. If we consider non-strange 




2.3 Generalization to large N t 
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baryons, we obtain a tower of baryon states with 



= 13 

2' 2'"""' 2 • 

This tower is finite dimensional and reduces to N and A for N r 



(2.26) 



For baryons containing n s strange quarks, it is useful to introduce the grand spin K 
defined as 

K = S + I, (2.27) 
where K = n s /2. The isospin content for each value of K can be written as [77J 



(A- = 1 I=i) + (Jf=i | 7 = 0,l) + (A' = l J 7=i |) + -.. , (2.28) 
(7C = 0,7= |) + (if =^,7=1,2) + (^ = 1,7=1 §,§)+- , (2.29) 



where one can see that Eq. (|2.28[) corresponds to S = 1/2 baryons and Eq. (|2.29p to S = 3/2 
baryons, consistent with Eq. (|2.4|) . Thus when A^ c = 3 the above representations correspond 
to the SU(3) octet and decuplet. 



The dimension of an irrep of SU(3) is given by [85] 



,SU(3) 



_(A + i)( M + i)(A + /i + 2) 



(2.30) 



where A and /i correspond to 























• v ' 

A 



One can directly see that, using Eq. (|2.30p . the dimension of each SU(3) irrep presented in 
the decomposition (|2.25p depends on N c . 



In Figures 12.51 and 12.61 are drawn large N c flavors weight diagrams which are an extension 
to N c of the octet and decuplet irreps of SU(3) when N c = 3. Contrary to the SU(2) case, the 
SU(3) weight diagrams vary with N c . As a consequence the identification of N c = 3 baryons 
is not unique. It is usual to identify A^ c = 3 baryons with the top of a large N c weight diagram 
corresponding to baryons with a small strangeness. However, the hypercharge varies as 



Y 



S + B 

5 + 



(2.31) 



where S is the strangeness. This means that the hypercharge of a large N c nucleon or A is 
equal to N c /3. 



2.3.2 Excited baryons 

For N c = 3, the spin-flavor or orbital part of the baryon wave function can be symmetric, 
mixed-symmetric or antisymmetric under the exchange of two quarks. For large N c we present 
only the generalization of the symmetric and mixed-symmetric cases because we do not need 
the generalization of the 20 irrep of SU(6) in the following. 
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l l 

1 2 1 
12 2 1 
1 2 2 2 1 
1 2 2 2 2 1 
1 2 2 2 2 2 1 
1 2 2 2 2 2 2 1 
1 2 2 2 2 2 2 2 1 
1222222221 
111111111 

Figure 2.5: SU(3) flavor weight diagram for the generalized octet baryons (Eq. (|2.28|) ). The 
numbers denotes the multiplicity of the weights. The long side of the weight diagram contains 
|(iV c + l) weights 08]. 

1111 

1 2 2 2 1 
1 2 3 3 2 1 
1 2 3 4 3 2 1 
1 2 3 4 4 3 2 1 
1 2 3 4 4 4 3 2 1 
1234444321 
1 2 3 3 3 3 3 2 1 
1 2 2 2 2 2 2 1 
1111111 

Figure 2.6: SU(3) flavor weight diagram for the generalized decuplet baryons (Eq. (|2.29|) ) . 
The numbers denote the multiplicity of the weights. The long side of the weight diagram 
contains \ (N c — 1) weights [15] . 



The orbital part 

For the generalization of the orbital part, we consider that the number of excited quarks of 
large N c excited baryons is the same as for N c = 3. This means the number of ground-state 
quarks is of order N c for low excitations. In this section we consider only N = 1 and 2 
excitations. 

The generalization to arbitrary N c of a symmetric state is trivial because it is unique as 
shown in Figure 12.41 But the generalization of the mixed-symmetric state is not unique. So, 
one has to generalize the mixed-symmetric representation [21] of S3 to large N c in a way in 
which one can recover the N c = 3 states from N c > 3 states. In Section 2.2.2 we have seen 
that the N c = 3 Jacobi coordinates can be used as basis functions for the symmetric [3] and 
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mixed-symmetric [21] irreps of S3. The Jacobi coordinates of an N c particle system are [85 



(2.32) 

1 < s < N c - 1. (2.33) 



One can see that taking s = 1 and 2 in Eq. (I2.33D one obtains Eqs. (j2. 19[) and (I2.20|) respec- 
tively. 

The center of mass coordinate ()2.32p is a symmetric function by construction and it can 
be used as basis vector for the symmetric representation [N c ]. The internal coordinates (|2,33[) 
can form an invariant subspace for the mixed-symmetric representation [N c — 1, 1] [85]. The 
particular case of four particles with one unit of excitation has been presented in details in Ref. 
[86j . This observation suggests that the only possible solution is to choose the irrep [N c — 1, 1] 
of Stv c to describe excited states. Otherwise, one would obtain orbital mixed-symmetric wave 
functions which do not reduce to [21] when one takes N c = 3. 

N c -1 

* V 

m^m... □ 



Figure 2.7: Young diagram for the mixed-symmetric irrep [21] of S3 generalized to [N c — 1,1] 
of the permutation group S n c [ZH] ■ 

Table [2~4l indicates that one has one or two excited quarks depending on the configuration 
when N c = 3. The large N c generalization gives the configurations (0s) Nc ~ 1 (0p) for N = 1 
and (Os^-^ls), (Os)^' 1 (Od) , (0s) Nc - 2 (0p) 2 for N = 2, following the convention which 
keeps constant the number of excited quarks. Like in the N c = 3 case, we need to remove 
the center of mass coordinate in the wave function for satisfying translational invariance 
and we obtain the configurations shown in Table 12. 61 These combinations were derived by 
recurrence. We applied method used for iV c = 3 to N c = 4, 5, 6, . . . and then generalized 
to N c . The configurations of Table |2~U1 will be used in Chapter 5 and 6 to analyze excited 
baryons. 



The spin-flavor part 

In Section 2.3.1 we have already discussed the decomposition of the symmetric irrep of SU(6) 
into its SU(2) x SU(3) subgroup. For the generalized 70 irrep of SU(6) this decomposition 
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SU(6) multiplet N L P Harmonic oscillator configuration 



56 
70 
56' 
70 
56 
70 



\lN c -l,l}(0s) N o-^{0p)) 

\/^ I l[^c](0 S )^- 1 (ls)> - ^|[7V c ](0s)^-2(0p) 2 > 

||[JV C - 1, lKOa)^-^!*)) + J%\[N C - 1, l](0 S )^- 2 (0p) 2 > 



+ ^0\iN c ](Os) N c-HOd)) - ^\lN c ](0s)^- 2 (0p) 2 ) 



Table 2.6: Quark-shell model configurations for a harmonic oscillator confinement and N c 
particles. 



becomes [23] 
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(2.34) 



The first three terms are identical to those of Eq. (|2.5|) where one can recognize the singlet, 
the decuplet and the octet of SU(3) for large N c . Indeed, the isospin content for each value 
of the grand spin K of the first SU(3) irrep written on the right-hand side of Eq. (|2.34p can 
be written as 

(K = l,I = 0) + (K = l,I = h + ... , (2.35) 



where one can notice that for this irrep K ^ 0. For N c = 3, this irrep corresponds to the 
SU(3) singlet. The other terms of Eq. (|2.34p exist only for N c > 3. For each mixed-symmetric 
multiplet, this leads to an infinite tower of excited states. 



Chapter 3 

Ground-state baryons in the 1/N ( 
expansion 



3.1 Introduction 

After 't Hooft's suggestion and Witten's conclusions, the success of the large N c QCD was 
due to the discovery in 1984, by Gervais and Sakita [29] and independently, during the nineti- 
eths, by Dashen and Manohar [21] , from the study of baryon-meson scattering process in the 
N c — > oo limit, that ground-state baryons satisfy a contracted SU(2iV/) c spin-flavor algebra 
where Nf is the number of flavors. The baryon contracted spin-flavor symmetry means that 
when N c —* oo, ground-state baryons form an infinite tower of degenerate states. At N c — ► oo, 
the SU(2iVy) algebra used in the quark-shell model becomes the SU(2iVy) c algebra. One can 
therefore use SU(2iVy) to classify large N c baryons. The SU(2iVy) c symmetry is broken at 
order 1/N C . Thus, the degenerate baryon states split at order 1/N C . 

Static properties of baryons like mass, magnetic moment, axial currents can be studied in 
an 1/N C expansion. The first term of this expansion must be SU(2iVy) symmetric, the other 
terms break the symmetry. 

In this chapter, we shall first study the emergence of the SU(2iVj) c symmetry. In a second 
stage, we shall introduce the most general form of one-body static operators written in an 
1/N C expansion in terms of the generators of SU(2iVy) which will serve to construct operators 
describing observables as linear combinations of independent operators. The application of 
the 1 /N c expansion to the study of ground-state baryons will be considered next. An extension 
to the excited baryons will be presented in Chapters 5 and 6. 

3.2 Large N c consistency conditions 

In the first chapter we have studied the baryon + meson — * baryon + meson scattering 
amplitude in the large N c limit of QCD. Witten's large iV c power counting rules [92] gave 
amplitudes of order 1. We have also seen that the meson-baryon vertex is of order \fW c 
(Figure I1.15|) . As drawn in Figure 13.11 the dominant diagrams representing the absorption 
and then the emission of a meson by a baryon contains two baryon-meson vertices and should 
grow as N c in contradiction with the counting rules and in violation of the unitarity. Large 
N c consistency conditions follow from this result. They imply that the large N c baryons 
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satisfy an SU(2iVy) c symmetry when iV c — * oo. 

Let us consider the elastic pion-baryon scattering. The pion-baryon vertex is given by 



(B\q^ l5 T a q\B), 



(3.1) 



where /„- is the pion decay constant of order y/W c and {B\q , y IJ '^T a q\B) is the axial vector 
current matrix element of the nucleon, of order N c , as there are iV c quark lines inside the 
nucleon. As announced, the pion-baryon vertex is order ^/W c . 



In the large N c limit, as the baryon is infinitely heavy compared with the pion, the baryon- 
pion coupling reduces to the static-baryon coupling. The axial vector current matrix element 
can be written as 

(Blqf^qlB) = gN c (B\X* a \B) , (3.2) 

with g and (B\X ta \B) of order 1. If we consider only dominant diagrams (Figure [3.ip . the 
pion-nucleon scattering amplitude is given by [21] 



A 



N^g 2 q i q'i r 
''ITT 



X m x jt 



(3.3) 



if the initial and final baryons are on-shell. Here we sum over all the possible spins and isospins 
of the intermediate baryon. This amplitude is of order N c and then violates unitarity and 
Witten's large N c counting rules. To obtain a consistent theory, one must introduce other 
intermediate baryon states, degenerate to leading order in 1/N C that cancel the factor N c 
appearing in the scattering amplitude. We then obtain the following constraint 



X ia ,X jb < 0(1). 



(3.4) 



One can expand the operator X ta in terms of 1/N, 



xria i -\ria , \ria \ 

x ° + w c Xl + n! X2 + 



The first order consistency condition for large iV c QCD is then given by 



(3.5) 



via vjb 
A ' A 



0. 



(3.6) 



In the N c — > oo limit, the spin operators S' 1 , the flavor operators T a , and the amplitudes 
X ia can be identified with the generators of a contracted spin-flavor group SU(2./Vy) c , where 
Nf is the number of flavors. The algebra of the contracted S\J(2Nf) c group is given by 



[S\T a ] 
[S\S j ] 



via vjb 
A > A 



0, 

ie ljk S k , 

i£ ijk x ka 



> 



rpa rpb 



Ta vib 
> A 



if abc T c , 
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— % i ^-0 ) 



0. 



(3.7) 
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Figure 3.1: Leading-order diagrams for the scattering B + tt — > B + ir. 

One can compare this algebra with the SU(2iVj) algebra. The generators S 1 , T a and the 
spin-flavor generators G ia satisfy the spin and flavor algebra [23J 
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The contracted algebra is obtained from the previous one by taking the limit 

Qia 



via 



lim 



(3.8) 



(3.9) 



Only the commutation relation [G ta , G^ b ] is affected by this contraction. In dividing it by N% 
the left-hand side becomes [X™,Xq ) \ and the right-hand side cancels out. This leads to the 
consistency condition (|3.6[) in the large N c limit. 



Dashen et al [22] have solved Eq. (|3.6p which means they found irreducible representations 
of SU(2A r j) c . The basis vectors form infinite towers of degenerate (S,I) baryon states. If we 
use the grand spin K, Eq. (I2.27p . the first tower corresponds to the case with K = 0, 5 = I 



1 1 

2' 2 



3 3 
2' 2 



5 5 
2' 2 



The case with K = \ leads to a second tower 
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for K = 1 one has 
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and with = | one has 
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3 5 
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5 7 
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(3.10) 



(3.11) 



(3.12) 



(3.13) 
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It is possible to do identifications with physical states when we assume, as in the previous 
chapter, that K = n s /2. For example, the K = tower contains strangeness zero baryons, 
like the nucleon state (1/2,1/2) or the A state (3/2,3/2). The K = 1/2 tower contains 
strangeness —1 baryons A(l/2,0), £(1/2,1) and £*(3/2,l), the K = 1 tower, baryons of 
strangeness -2 3(1/2,1/2) and H*(3/2,l/2), the K = 3/2 tower, the state 0(3/2,0) of 
strangeness —3. The other states present inside the towers are spurious states, i.e. baryons 
that exist for N c > 3 but not for N c = 3. 

As a conclusion, one can notice a perfect connection between the infinite number of inter- 
mediate baryon states predicted by the planar Feynman diagrams and the results described 
here. The large N c power counting rules of Witten imply a sum over all possible intermediate 
quark states, which is equivalent to summing over all intermediate baryon states. We have 
obtained an inconsistent large N c theory because, in the first analysis of the baryon-pion 
scattering process, we took into account only one intermediate state. Large N c QCD requires 
the existence of infinite towers of degenerate states, solution of the consistency condition Eq. 



It is possible to study 1/N C corrections of static baryon matrix elements like the mass 
operator by deriving other consistency conditions. We will not give more details here about 
this methocQ. After calculation one can obtain the following expansion for the mass operator 



where rrn are unknown coefficients which contain large N c QCD dynamics and S 2 is the 
Casimir operator of SU(2). One can directly notice that the 1/N C expansion is predictive 
only if S is 0(1), i.e. for baryon situated at the beginning of the tower Eq. (|3.10|) . For 
baryons situated at the end of the tower, with S of order N c , the first and the second term 
of the expansion Eq. (|3.14p are of the same order. Thus, the mass splitting between two 
baryons with spin S ~ 0(1) is of order 1/N C and is of order 0(1) between two baryons with 
spin S ~ 0(N C ). Figure f3T2l gives an illustration of the 1/N C correction of the ground-state 
baryon mass operator Eq. (|3,14p . 

One can write a general form of the 1/N C expansion for a baryon operator |48j . For 
Nf = 2, the 1/N C expansion of a static baryon operator like the baryon mass operator has 
the form 



where V is a polynomial. 

3.3 Operator expansion 

In the previous section, we have shown that large N c non-strange baryons belong to an infi- 
nite tower of degenerate bound states. These states are identical to those obtained with the 
quark-shell model in the large N c limit satisfying an SU(4) spin-flavor symmetry. Indeed, the 



[48j 



M = m N c l + m 2 — S 2 H 



(3.14) 




(3.15) 



1 The following section gives another way which will be used in Chapter 5 and 6 to expand baryon operators 
in powers of 1/N C . 
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l/N c 



Figure 3.2: Mass splittings up to the 1/N C order for the tower of large N c ground-state 
baryons with K = 0,5 = / = i, 1, . . . , The S 2 /N c operator leads to a mass splitting 
of 0(1/N C ) between baryons with spins S ~ 0(1) and to a mass splitting of 0(1) between 
baryons with spins S ~ 0(N C ). The mass splitting between the baryon states with S = ^ 
and 5 = ^ is 0(N C ) 08]. 



tower (|2.26p is identical to the tower (13.101) in the N c —>oo limit. 

Let us consider a QCD one-body operator such as q^j^^q. This operator is called 
one-body operator because it acts on one quark line. For example, in Figure [3731 its action is 
depicted by a cross on the first quark line at the top of the figure. Its matrix element is ob- 
tained by inserting the operator on any of the iV c quark lines of the baryon. As each Feynman 
diagram depicting the insertion is of order 1 and as there are iV c possible insertions, the QCD 
one-body has a matrix element which is at most of order N c . There may be cancellations 
among the N c possible insertions, that is why the matrix element is not necessarily of order N c . 

A QCD one-body operator transforming according to a given SU(2) x SU(iVj) repre- 
sentation can be written as a series expansion of n-body operators, which involve n quark 
lines. Due to the Wigner-Eckart theorem these operators can be decomposed into a product 
of unknown dynamical coefficients and effective operators which are expressed by means of 
appropriate products of symmetry generators as [23] 

^CD dy = E c(n) ^T 0{n) ' ( 3 - 16 ) 

where one sums over all possible n-body effective operators 0^ n \ < n < N c , with the 
same spin and flavor quantum number as OqTjd^ an d where are unknown dynamical 
coefficients. These effective operators are accompanied by a factor of l/iV™ . It comes from 
the fact that, as illustrated in Figure 13.31 one needs at least n — 1 gluon exchanges at the 
quark level to generate n-body effective operators in the 1/N C expansion out of a one-body 
QCD operator. 

Two different 1/N C expansions of a QCD operator are possible. The first one is based on 
the group SU(2iVj) c and uses the spin-flavor generators X™ in operator products. This case 
was illustrated in Eq. A3. 15f) . The second one is based on the group SU(2iVj) and where one 
uses the spin-flavor generators G ia with the large N c quark-shell model operator basis. In the 
following, we shall use the operator basis of the large N c quark-shell model which are easier 
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Figure 3.3: An illustration of a two-body effective operator generated out of a one-body QCD 
operator, depicted by a cross. One can see directly that at least one gluon must be exchanged 
between the first quark line where the QCD one-body operator acts and a second quark line 
to generate an effective two-body operator. 

to work with. 

With this approach, on can interpret the effective n-body operators 0( n ) as n-body quark 
operators acting on the spin and flavor indices of n static quarks, 

Q (n) = (S*) 1 {T a ) m (G ia ) n ~ l ~ m , (3.17) 

l,m 

and the expansion of a QCD one-body operator (13.160 becomes 

<c b D ody = E c(n) ^r W (n m (G ! T" ! " ra . (3.i8) 

l,m,n c 

For ground state baryons, the orbital part of the wave function does not play any role. It will 
be different for excited baryons where we have to include SO(3) generators I 3 in the product 
of symmetry generators Eq. (|3.17p (see Section I5.3.3P and take into account the symmetry 
of the orbital part and the coupling of the angular momentum to the spin. 

One can analyze the N c dependence of the 1/N C expansion of the QCD one-body operator. 
It depends on N c in two different ways: 

• An explicit 1/N™~ 1 term which gives an operator of order N c as we can see when n = 0. 

• An implicit dependence on N c which comes from the operators themselves. Indeed, 
matrix elements of the generators of the group SU(2A r j) have a nontrivial dependence 
on N c that varies for different states of the baryon spin-flavor multiplet. For example, 
if we consider the baryon tower Eq. (|2.26p . states of the bottom of the tower have spin 
and isospin of order 1 but states at the top of the tower have spin and isospin of order 
N c . It is possible to prove that the matrix elements of the SU(6) generators T 8 and 
G ia with a = 1, 2, 3, when applied on a symmetric SU(6) wave function, are of order N c 
between states with spin and strangeness of order N® (see Chapter 4). They are called 
coherent generators. This implies that operator 0( n ) are of order < 0(N™). 

The 1/N C expansion of an operator can be not predictive if the explicit factor of l/N™^ 1 is 
completely cancelled by the implicit factors resulting from the matrix elements of operators 
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It is possible to generalise the \/N c expansion to a QCD m-body operator. As this 
operator acts on m quarks inside the baryon, its matrix element is at most of order N™. In 
that case, one can expand an m-body QCD operator in terms of n-body effective operators 
with coefficients of order N™~ n 

3.4 Quark operator classification 

Let us introduce the creation and annihilation operators qtt and q a where a = l,...,Nt 
represents the Nf quark flavors with spin up, and a = Nf + 1, . . . , 2Nf, the Nf quark flavors 
with spin down. As the color part of the baryon wave function is antisymmetric, one can 
omit the color quantum numbers of the quark operators. Thus, these operators satisfy the 
bosonic commutation relation 

= 5% (3.19) 

as the spin-flavor part of the wave function Eq. (|2.ip is symmetric for ground-state baryons. 
One can write n-body quark operators in terms of these quark creation and annihilation 
operators and then classify the quark operators. 

We have first the zero-body operator 1, independent of q or q< . It does not act on the 
quarks in the baryon. 

There are four one-body operators: the quark number operator 

9^ = J>Jfc = JVcl, (3-20) 

3=1 

and the SU(2iVy) generators 

N c 

Sl = E^xl)^ (3,1), 

N c 

T a = ^?j(lxn 9i (l,adj), (3.21) 
i=i 

N c 

G ia = ^2q}{S*xT a )q 3 (3,adj). 
i=i 

The brackets in the right-hand side denotes the (SU(2), S\J(Nf)) dimensions of the associ- 
ated irreducible representations in SU(2) and SU(iVy) respectively. The generators of a group 
correspond to the adjoint representation. For SU(2) its dimension is 3, as indicated, and adj 
denotes the dimension of the adjoint representation of SU(A r j). The number 1 corresponds 
to the trivial representation in SU(2) or SU(A r j). In Eqs. (|3.20p and (|3.2ip . j denotes the 
quark line number. Eq. (|3.2(jp shows that the quark number operator can be rewritten in 
terms of the zero-body identity operator. In conclusion, there are only three independent 
one-body operators, S l , T a and G ta . 
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Two-body operators act on two quarks and involve two creation and annihilation operators 
q and q\ They can be written as operator products of baryon spin-flavor generators, for 
example, 

S l T a = £ (<?]#%) (4 T V) > ( 3 - 22 ) 

hi' 

where each one-body operator applies on one quark line independently. This operator is not 
a pure two-body operator as, in the case where j = f, the two one-body operators apply in 
the same quark line and reduces to an one-body operator. 

It is possible to write two-body operators in a normal ordered form, 

q^S^qq = £ (q^qj) (q],T%,) . (3.23) 

As this operator has vanishing matrix elements on single-quark states, it is a pure two-body 
operator. One can generalize it to an n-body quark operator 

gt...gtTg... 9 , (3.24) 

where T is a traceless and completely symmetrized tensor. One can permute the creation 
or annihilation operators since they are bosonic operators. The tensor T must be traceless 
to obtain a pure n-body operator and symmetric as the spin-flavor part of the ground-state 
baryon wave function is symmetric. Tensor operators antisymmetric or mixed-symmetric 
vanish. 

It is easier to derive matrix elements of operator products of the baryon spin-flavor gen- 
erators than of normal-order operators. However, only pure n-body operators appear in the 
1/N C expansion of QCD operator Eq. (|3.16p . When operator products are rewritten in a 
normal-order form, the tensors T obtained are not traceless or completely symmetrized, so 
some linear combinations of the operator products are equivalent to lower-body operators 
or vanish identically on the completely symmetric ground-state baryon representation [48j . 
Dashen et al. |23] calculated operators identities which eliminate redundant operators ap- 
pearing in the operator product combinations like the quark number operator Eq. (|3.2U|) . 
With these identities, it is not necessary to derive matrix elements of normal-order operators. 

3.5 Operator identities 

As we have seen in the previous section, some n-body operators can be reduced to linear 
combinations of m-body operators, with m < n when we make an 1/N C expansion of a QCD 
operator based on the group SU(2A r j), Eq. (|3. 16j) . With this reduction, all redundant op- 
erators are eliminated and we obtain pure n-body operators . Here, we summarize the 
method used to compute linear combinations of operators. Details can be found in Ref. [23]. 

Eq. (|3.2U|) illustrates the first identity which reduces a one-body operator to a zero-body 
operator. 

Let us have a look at two-body identities. One can write a two-body operator as a product 
of two one-body operators. We have seen that the only independent one-body operators are 
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the SU(2iVy) generators Eq. (I3.2ip , They belong to the adjoint representation of SU(2iVy). 
The product of two operators can be written as a symmetric product (anticommutator) or 
an antisymmetric product (commutator). The commutator can be eliminated by using the 
SU(2iVf) algebra, Eqs. (|3.8p . The anticommutator transforms as the symmetric product of 
two SU(2iVj) adjoint representations [2.3], 

(adj x adj) s = 1 + adj + aa + ss, (3.25) 

where da = T^^) is a traceless tensor which is antisymmetric in its upper and lower indices 

and ss = T^^) transforms as a traceless tensor which is completely symmetric in its upper 
and lower indices. 

From the analysis of Eq. (|3,25p . two-body identities are divided into three different sets: 

• The first identity reduces the two-body operators to an SU(2iVy) singlet. The SU(2iVj) 
singlet in the symmetric product Eq. (|3,25p is the Casimir operator. 

• The second set of identities corresponds to a linear combination of two-body operators 
which transforms as an SU(2iVj) adjoint. 

• The result of a symmetric product of two generators of SU(2iVy) can be an antisym- 
metric tensor operator, aa = T^^) . We have seen that this tensor operator must 
vanish when acting on the ground-state baryons. This gives the third set of vanishing 
identities. 

There are not new identities for n-body operators with n > 2 because it is always possible 
to obtain n-body operators by recursively applying the two-body identities on all pairs of 
one-body identities appearing in a completely symmetric product of n operators [23J. 

Table EH] gives the three sets of two-body identities for the SU(2iVy) group. The spin- 
flavor representation (SU(2), SU(iVj)) of each operator identity is given explicitly in the 
right-hand side column. This table is divided into three blocks corresponding to the three 
sets of two-body operators identities respectively. In the first block, one can recognize the 
SU(2iVj) Casimir identity. In the second block, we have three identities transforming as 
linear combinations of two-body operators into SU(2iVy) adjoints, the adjoints being decom- 
posed under SU(2) x SXJ(Nf) into the three representations (3,1), (l,adj) and (3, adj) (see 
Eq. (13.211) ). The third block of identities is obtained by combining the two adjoint one-body 
operators into the da representation, and setting it equal to zero. More details are given in 
Ref. m\. 



3.6 The mass operator 

As an illustration of the large N c operator expansion, we analyze the baryon mass operator 
expansion for Nf = 3 [231 146] . Let us divide this section into two part. In the first part, we 
suppose that the SU(3) symmetry is exact, i.e. the up, down and strange quarks have the 
same mass. In the second part, we will consider SU(3) breaking. 
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n 11 


d a6c | G ia )G i6j + ^2_ { ^ ^ £ic j + 1 ^abc | T a , T 6 } = (iV c + iV/) - ^) T c 


(l,adj) 


{T»,G to } = (JV c + JV»(l-^) S' 


(3,1) 


±; {S k , T c ) + d abc {T a , G kh ) - e ^ k f abc {G ia , G"' 6 } = 2(N C + N f ) (l - ^) G kc 


(3, adj) 


AN f (2-N f ) \G ia ,G ta \ +3N 2 f {T a ,T a } + 4(l- Nf] {S i ,S i \=0 


(1,1) 


(4-N f )d abc {G ia ,G ib } + |JV> d abc {T a ,T b } - 2 (N f - ^ {S\G ia }=0 


(I, adj) 


4 {G ia ,G ib } = -3 {T a ,T b } (da) 


(1, aa) 


4 {G ia ,G i6 } = {T a ,T b } (as) 


(Ms) 


e ijk {s\G jc } = f abc {T a ,G kb } 


(3, adj) 


d abc | r a ,G fcb } = (l - ({S k ,T c } - e ^ k f abc {G m ,Gi b }) 


(3, adj) 


e ijk {Qia Qjb} = facg d bch , (as + so) 


(3, as + sa) 


{T a , G' 6 } = (da) 


(3, aa) 


{G* , ,G»"°} = i(l- 1 ^) (5 = 2) 


(5,1) 


d afc C | G ia ) G i6| = ^ _ ^ Qjc} (5 = 2 ) 


(5, adj) 


{G ia ,G^}=0 (S = 2,da) 


(5, aa) 



Table 3.1: SU(2iVj) Identities: The second column gives the transformation properties of the 
identities under SU(2)x SU(JV» [23]. 
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3.6.1 Baryon masses with exact SU(3) symmetry 

We apply the 1/N C expansion presented in Eq. (|3.18p . As we assume that the SU(3) symme- 
try is exact, the mass operator transforms as a spin-flavor singlet (1, 1). As a consequence, 
all the operators Eq. (|3~TT]) must be SU(2) x SU(3) scalars. 

There is one zero-body operator transforming as (1, 1) under SU(2) x SU(3), the identity 
operator 1, 

O (0) = 1. (3.26) 

There are no one-body operators transforming as a spin-flavor singlet. Regarding two-body 
operators, if we look at Table [3~TTj taking Nj = 3, one can notice that there are two (1, 1) 
operators identities. This means that we keep only the operator S 2 in the expansion, 

{2) = S 2 , (3.27) 

because T 2 and G 2 can be expressed in terms of S 2 . By applying the two-body identities, 
one can find that there are no three-body operators in the expansion. In general, there is a 
single n-body operator for each even n [4*6] , 

{n) = S n , (3.28) 

which transforms as (1,1). 



The 1/N C expansion of the mass operator in the flavor symmetry limit becomes 

M* 1 ' 1 ) = c iV c l + c 2 ^-S 2 + c 4 ^3 S 4 + ■■■ + c Na ^—^S N ^\ (3.29) 

the expansion being limited to the N c — 2 order. Indeed, as we have N c quark lines inside the 
baryon, the expansion goes until the order l/A^ -1 . However, as N c is odd, the _/V c -body 
operator is suppressed by operator identities. The expansion Eq. (13.290 corresponds to Eq. 
(|3.14p obtained by the resolution of large N c consistency conditions. 

3.6.2 Baryon masses with SU(3) breaking operators 

The SU(3) symmetry is not exact because the mass of the different light flavor quarks are 
different 

m u / m d ^ m s . (3.30) 

This means that the baryon mass operator can not transform as a spin-flavor singlet when 
the SU(3) symmetry is broken. The dominant perturbation transforms as (1,8) [46], 

N c 

M(1 ' 8) =E^^T°n< ( 3 - 31 ) 
n=l c 

where d n are unknown coefficients and are products of SU(6) generators with one free 
flavor index. There are two different (1, 8) operators which are relevant for the analysis of the 
baryon mass splitting |46j : O 8 which is isospin symmetricH and O 3 which breaks the isospin 



2 The isospin symmetry assumes that m u — md- 
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symmetry. Indeed, if we look at matrix elements of T 8 and T 3 , one has (see Chapter 4): 

T 8 = -L( Nc -3N a ), (3.32) 
T 3 = ~(N V -N d ), (3.33) 

with N c = N u + Nd + N s , N u , Nj, N s correspond to the number of u, d and s inside the 
baryon. By applying operator identities, one has 

Qisii8 Q2rn8 o2 oi/-~<iS c4t^8 

^ = ediT 8 + ed 2 ^- + edz^- + ed 4 ^ + ttfe-^- + " " " > ( 3 - 34 ) 

where the isospin symmetry is conserved. The quantity e ~ 0.3 measures the SU(3) breaking 
|46j . One can consider second order SU(3) breaking terms which transform as (1,27) and 
which are proportional to e 2 . We will not discuss these terms here. 

The 1/N C expansion of the ground-state baryon mass operator becomes 

M = M (1,1) + M (1 ' 8) 

1 S i G i8 S 2 T 8 ( 1 \ 

= coN c t + c 2 — S 2 + ed 1 T s + ed 2 ^^ + ed 3 ^ r + Oij^j, (3.35) 

with SU(3) breaking to first order. 



Chapter 4 



Matrix elements of SU(6) 
generators for a symmetric wave 
function 

4.1 Introduction 

The study of the ground or excited state baryons requires the knowledge of matrix elements of 
SU(2iVf) generators, as necessary ingredients in obtaining the mass formula. For the ground- 
state baryons the spin-flavor part of the wave function is symmetric. In a simplified version 
(see Chapter 5) the description of excited states also reduces to a symmetric state coupled to 
a single excited quark. If we consider the non-strange and strange baryons, we need to know 
the matrix elements of the SU(6) generators for a symmetric spin-flavor wave function and 
arbitrary N c . The purpose of this chapter is to derive these matrix elements. So far, only the 
SU(4) case was solved analytically [3D]. Here we present the approach we have developed in 
Ref. [61]. The results, summarized in Table I3TT1 will be used in the following chapter. The 
SU(4) case was easily rederived within the same method. The results are given in Table I3~2l 

There are several ways to calculate the matrix elements of the SU(6) generators. One 
is the standard group theory method. It is the way Hecht and Pang [3D] derived matrix 
elements of the SU(4) generators and it can straightforwardly be generalized to SU(6). The 
difficulty in using this method is that it involves the knowledge of isoscalar factors of SU(6). 
So far, the literature provides a few examples of isoscalar factors: 56 x 35 — > 56 [13] IH3] . 
35 x 35 -» 35 [83] or 35 x 70 = 20 + 56 + 2 x 70 + 540 + 560 + 1134 [14J which can be 
applied to baryons composed of three quarks or to pentaquarks. 

Here we propose an alternative method, based on the decomposition of an SU(6) state 
into a product of SU(3) and SU(2) states. It involves the knowledge of isoscalar factors of 
the permutation group S n for a baryon with an arbitrary number N c of quarks. As we shall 
see, these isoscalar factors can easily be derived in various ways. 

We recall that the group SU(6) has 35 generators Si,T a ,Gi a with i = 1,2,3 and a = 
1, 2, . . . , 8, where Si are the generators of the spin subgroup SU(2) and T a the generators of 
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the flavor subgroup SU(3). The group algebra is 



[Si, Sj] — iEijkSki P"a,?V| — ifabcT c , [Si,T a ] — 0, 
[Si,Gia\ — i^ijkGkai Poi ^ib\ — ifabcGic, 

i i ( \ 

by which the normalization of the generators is fixed. It is a particular case of Eq. (|3,8p for 
N f = 3. 



[Gi a , Gjb] = -$ijfabcT c + ^ijk ( ^S a bSk + d a b c Gkc ) , (4.1) 



4.2 SU(6) generators as tensor operators 

The SU(6) generators are the components of an irreducible tensor operator which transform 
according to the adjoint representation [21 4 ], equivalent to 35, in dimensional notation. The 
matrix elements of any irreducible tensor can be expressed in terms of a generalized Wigner- 
Eckart theorem which is a factorization theorem, involving the product between a reduced 
matrix element and a Clebsch-Gordan (CG) coefficient. The case SU(4) D SU(2) x SU(2) 
has been worked out by Hecht and Pang [30] and applied to nuclear physics. 

Let us consider that the tensor operator [21 4 ] acts on an SU(6) state of symmetry [/]. 
The symmetry of the final state, denoted by [/'], labels one of the irreps appearing in the 
Clebsch-Gordan series 

[/]x[21 4 ]=^m [/ , ] [/'], (4.2) 
[/'] 

where rn^m denotes the multiplicity of the irrep [/']. The multiplicity problem arises if 
[/'] = [/]■ An ex tra label p is then necessary. It is not the case here in connection with SU(6). 
Indeed, if N c = 3, for the symmetric state 56, one has 56 x 35 — > 56 with multiplicity 1. For 
arbitrary iV c and [/] = [N c ] the reduction (j4.2j) in terms of Young diagrams reads 



□ x Z 



Nc-l 



+ 



□ 



N c +l 



N c +2 



+ 



+ 



(4.3) 



which gives Tnun = 1 for all terms, including the case [/'] = [/]. But the multiplicity problem 
arises at the level of the subgroup SU(3). Introducing the SU(3) x SU(2) content of the 56 
and 35 irreps into their direct product one finds that the product 8x8 appears twice. For 
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arbitrary N c , this product is given by 



N c + 1 

2 



N c -1 
2 















X 





















B-B 



N r -:i 
2 



+B 

+ 

V 



+ 



+ 



N c + 1 
2 



2 



N r +r, 
2 



2 







+ 



































\ ( 

+ 

> , \ 



iVe + 1 
2 



(4.4) 



In the following, p is used to distinguish between various 8x8 products. Then this label is 
carried over by the isoscalar factors of SU(6) (see below). 



In particle physics one uses the label s for the symmetric and a for the antisymmetric 
product (see e.g. [13J ) . Here we shall use the notation p of Hecht [39] . For N c = 3 the 
relation to other labels is: p = 1 corresponds to (8 x 8) a or to (8 x 8)2 of De Swart [24] ; 
p = 2 corresponds to (8 x 8) s or to (8 x 8)1 of De Swart. Throughout the paper, we shall 
use the SU(3) notations and phase conventions of Hecht [39] . Accordingly, an irreducible 
representation of SU(3) carries the label (A//), introduced by Elliott [57j, who applied SU(3) 
for the first time in physics, to describe rotational bands of deformed nuclei [85] . In particle 
physics the corresponding notation is (p,q). By analogy to SU(4) [30] one can write the 
matrix elements of the SU(6) generators E^ a as 



{[N c }(X'^)Y'l'l' 3 S'S' 3 \E ia \[N c }(X(i)YII 3 SS 3 ) = y / C7^]( S U(6)) 



I 

h 



r 

T" 



r 



E 

p=l,2 



(A M ) 

YI 



(\ a p a ) 

ya ja 



(AV) 
Y'V 



( s 


s 1 


s> \ 


\ s 3 


Ci 
^ 3 


S' 3 ) 



[Nc] [21 4 ] 
(A/i)5 (X a p a )S t 



(\'p,')S' 



(4.5) 



where (SU(6)) = 5[iV c (iV c + 6)]/12 is the Casimir operator of SU(6), followed by CG 
coefficients of SU(2)-spin and SU(2)-isospin. The sum over p is over terms containing products 
of isoscalar factors of SU(3) and SU(6) respectively. We introduce T a as an SU(3) irreducible 
tensor operator of components Tyaja- It is a scalar in SU(2) so that the index % is no more 
necessary. The generators S{ form a rank 1 tensor in SU(2) which is a scalar in SU(3), so 
the index i suffices. Although we use the same symbol for the operator Si and its quantum 
numbers we hope that no confusion is created. The relation with the algebra (|4.ip is 



Si 



V2G ia . 



(4.6) 



Thus, for the generators Si and T a , which are elements of the su(2) and su(3) subalgebras of 
()4.ip . the above expression simplifies considerably. In particular, as Si acts only on the spin 
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part of the wave function, we apply the usual Wigner-Eckart theorem for SU(2) to get 



([N c ](X'f/)Y'I '4 S'S' 3 \Si\[N c ](\n)YII 3 ; SS 3 ) = 5 ssl 8 xw 5^5 Y Y>5ii>5 h iL 



VC(SU(2)) 



S 1 

S 3 i 



S' 



(4.7) 



with C(SU(2)) = S(S + 1). Similarly, we use the Wigner-Eckart theorem for T a which is a 
generator of the subgroup SU(3) 



{\N c }{\'^)Y'I'I' 3] S'S' 3 \T a \[N c }(\^)YII 3 -SS 3 ) = 5 SS ,5 S3S ,8 XX ,5 [ 



x ^((AVOIIT^IKAm)), 

p=l,2 



(V) 



ID 



YII 3 Y a I a I^ 



3 



(A'M 



(4i 



where the reduced matrix element is defined as HO 
((X^\\T^\\(\^) p - 



y/C(SU(3)) for p = 1 
for p = 2 ' 

in terms of the eigenvalue of the Casimir operator C(SU(3)) = \g\ p where 

g XfJl = A 2 + /i 2 + Ap + 3A + 3/x. 



(4.9) 



(4.10) 



The SU(3) CG coefficient factorizes into an SU(2)-isospin CG coefficient and an SU(3) 
isoscalar factor 



(Am) (ii) 

YII 3 Y a I a II 



(AV) 



j ja 



r 

4 



(Am) (ii) 
yi Y a r 



(AV) 

y/j/ 



(4.11) 



The p dependence is consistent with Eq. (|4.5f) and reflects the multiplicity problem appearing 
in Eq. (|4.19p below. We shall return to this point in below. 



4.3 SU(6) symmetric wave functions 

Here we consider a wave function which is symmetric in the spin-flavor space. To write its 
decomposition into its SU(2)-spin and SU(3)-flavor parts, one can use the Kronecker or inner 
product of the permutation group S n . The advantage is that one can treat the permutation 
symmetry separately in each degree of freedom |85j . A basis vector of an irreducible 

representation of S n is completely defined by the partition [/], and by a Young tableau Y 
or its equivalent, an Yamanouchi symbol. In the following we do not need to specify the 
full Young tableau, we only need to know the position p of the last particle in each tableau. 
In this short-hand notation a symmetric state of N c quarks is |[iV c ]l]), because p = 1. A 
symmetric spin-flavor wave function can be obtained from the product [/'] x [/"] of spin and 
flavor states of symmetries [/'] and [/"] respectively, provided [/'] = [/"]. 

Let us consider a system of A^ c quarks having a total spin S. The group SU(2) allows 
only partitions with maximum two rows, in this case with A^ c /2 + S boxes in the first row 
and A^ c /2 — S in the second row. So, one has 



(4.12) 
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By using the CG coefficients of S n and their factorization property, described in the Appendix 
IB1 one can write a symmetric state of N c particles with spin S as the linear combination 

\[N c ]l) = cLT cl W I ] 1> I [/'] 1> -H 4^ c] (^) I 2> 1 [/'] 2> , (4.13) 

where the coefficients Cp^ c \p = 1, 2) in the right-hand side are isoscalar factors of the permu- 
tation group. Their meaning is the following. The square of the first (second) coefficient is 
the fraction of Young tableaux of symmetry [/'] having the last particle of both states | [f']p) 
in the first (second) row. That is why they carry the double index 11 and 22 respectively, 
one index for each state. Examples of such isoscalar factors can be found in Ref. [HTj. In the 
following, the first index refers to the spin part of the wave function and the second index to 
the flavor part. The total number of Young tableaux gives the dimension of the irrep [/'], so 
that the sum of squares of the two isoscalar factors is equal to one. 

In the context of SU(6) D SU(2) x SU(3) there are two alternative forms of each cpp c ^ . 
They are also derived in Appendix [Bj The first form is 



JN c ) is) = I S[N C + 2(S+1) 



V N C (2S + 1) ' 

[jyy l (S+l)(N c -2S) 
° 22 {S) = V iV c (25 + l) ' (414) 

These expressions were obtained by acting with Si on the spin part of the total wave func- 
tion and by calculating the matrix elements of Si in two different ways, one involving the 
Wigner-Eckart theorem and the other the linear combination (|4.13p . The coefficients (|4.14|) 
are precisely the so called "elements of orthogonal basis rotation" of Refs. f9] with the iden- 
tification cjj = Cq^ m and c^ c ' = Cq^ m . The other form of the same coefficients, obtained 
by acting with T a on the flavor part of the total wave function is 



[Nc]M = 2 9Xll -N c (,-X + 3) 



ii 



3N C {\ + 1) 



clf] = N c (6 + 2X + ,)-2 9x 

22 y ^> y 3A C (A + 1) ' v ; 

with given by Eq. (|4,10p . One can use either form, f)4. 14j) or (|4.15|) . depending on the 
SU(2) or the SU(3) context of the quantity to calculate. The best is to use the version which 
leads to simplifications. One can easily see that the expressions (|4.14p and (|4.15p are equiv- 
alent to each other. By making the replacement A = 2S and fi = N c /2 — S in (|4.15p one 
obtains (14441 . 

The coefficients and c^_ s of Refs. [S], are also isoscalar factors of the permutation 
group. They are needed to construct a mixed-symmetric state from the inner product of S„ 
which generated the symmetric state as well. As shown in Appendix[Bl they can be obtained 
from orthogonality relations. The identification is c^ c ^ = Cq1 s and c^ c ^ = Cq^. There 
are also the coefficients c\^ c 1 = and = c^. 
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4.4 Matrix elements of the SU(6) generators 

Besides the standard group theory method of Sec. 14.21 another method to calculate the ma- 
trix elements of the SU(6) generators is based on the decoupling of the last particle from the 
rest, in each part of the wave function. This is easily done inasmuch as the row p of the last 
particle in a Young tableau is specified. 

Let us first consider the spin part. The decoupling is 

\S 1 l/2;SS 3 ;p) = (i\ )il |) |Simi)|l/2m 2 >, (4.16) 



mi ,1712 



in terms of an SU(2)-spin CG coefficient with S\ = 5 — 1/2 for p = 1 and S± = S + 1/2 for 
p = 2. 

As for the flavor part, a wave function of symmetry (Xn) with the last particle in the row 
p decouples to 



|(A lW )(10);(A^)y/I 3 ;p) 

(Ai/ia) (10) 
n/1/13 Y 2 I 2 I 23 



{ Yil ) |(A,//,)r l / l / l; :|!l())V,/J, ;/ . 



where (Ai/ii) = (A — 1, fj) for p = 1 and = (A + 1, (j, — 1) for p = 2. 

Now we use the fact that Si, T a and G{ a are one-body operators, i.e. their general form 



is 



The expectation value of O between symmetric states is equal to N c times the expectation 
value of any 0(i). Taking i = N c one has 

(O) =N c (0(N c )). (4.18) 

This means that one can reduce the calculation of {O) to the calculation of (0(N C )). 

To proceed, we recall that the flavor part of Gi a is a 

T (ii) 

tensor in SU(3). To find out 

its matrix elements we have to consider the direct product 

(A/x) x (11) = (A + 1, n + 1) + (A + 2, n - 1) + (A/x)i + (A/x) 2 

+ (A - 1, n + 2) + (A - 2, n + 1) + (A + 1, 11 - 2) + (A - 1, m - 1). (4.19) 

Prom the right-hand side, the only terms which give non-vanishing matrix elements of Gi a 
are (A'//) = (A//), (A + 2, fx — 1) and (A — 2, fi + 1), i.e. those with the same number of boxes, 
equal to A + 2fi, as on the left-hand side. In addition, as Gi a is a rank 1 tensor in SU(2) 
it has non- vanishing matrix elements only for S' = S, S ± 1, i.e. again only three distinct 
possibilities. The proper combinations of flavor and spin parts to get |[iV c ]l) will be seen in 
the following subsections. 
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4.4.1 Diagonal matrix elements of G ia 

The diagonal matrix element have (A'//) = (Xfi) and S' = S. The first step is to use the 
relation (|4. 18)) and the factorization (|4.13l) of the spin-flavor wave function into its spin and 
flavor parts. This gives 



( [N c ] (\n)Y'l'l' 3 SS' 3 1 G ia | [N c ] (Xti)YII 3 SS 3 



Nr 



E 

p=l,2 



VP 



(5)) (S 1 l/2;SS' 3 ;p\s i (N c )\S 1 l/2-SS 3 - P ) 



x((A 1 /i 1 )(10);(A / i)y7 / ^;p|t a (iV c )|(A lW )(10);(A^)y/l3;p), 



(4.20) 



where and t a are the SU(2) and SU(3) generators of the 7V c -th particle respectively. The 
matrix elements of Si(N c ) between the states (14.160 are 



(S 1 l/2;SS; ; p|« j (A r c )|Sil/2;SS 3 ;p) 



E 



Si 1/2 
mi m 2 



S 

s 3 



Si 1/2 
mi m' 2 
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Si 



1/2 1 

ni2 i 



1/2 



nin 



(-) S+S ^\r-(2S + l) 



S 1 

S 3 i 



S 
Si 



1 s s 

Si 1/2 1/2 



(4.21) 



The matrix elements of the single particle operator t a between the states (I4.17|) are 



((A 1(11 )(10);(A/ 1 )y7'4;p|t„(JV c )|(A lMl )(10);(A / i)y// 3 ;j)) 



E 



(10) (11) 
Y 2 hh 3 Y a I a I$ 



(A1M1) (10) 
Yihh 3 Y 2 I 2 I 23 



(10) 

r/ r/ r/ 

2 J 2 J 2 3 



7 r 



r 
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p=l,2 



(A/x) (11) 



(A/i) 
F7/ 3 



(A/x) 



(Ai/ii) (10) 
Fxl!^ y 2 '/ 2 I' 



(A M ) 



x C/((A lW )(10)(A/x)(ll);(A/x)(10)) 



(4.22) 



where U are SU(3) Racah coefficients. To obtain the last equality in (|4.22p we used the 
identity 

52 ((A / u)y/;(ll)E a / a ||(AM)E7%[/((A lW )(10)(A / u)(ll);(A / i)(10)) p = 

p=l,2 

52 ((Ai/xi)Ei/i;(10)y 2 / 2 ||(A / u)y/)((10)E 2 / 2 ;(ll)E a / a ||(10)y 2 / 4) 
x((\i^i)YiIi;(W)Y^I 2 \\(Xfi)Y'l')U(IiI 2 l'l a -Jl' 2 ), (4.23) 



similar to the relation (12) of Ref. [39J. Note that the sum over p is consistent with Eq. (|4.5|) 
and expresses the fact that the direct product (A/x) x (11) —* (A//) has multiplicity 2 in the 
reduction from SU(6) to SU(3), as discussed in Sec. 
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Introducing M~2T\\ and ([4T22]) into (|4~20l) one obtains 



{[N c ](X^)Y'I'I' 3 ;SS' 3 \G ia \[N c ]{Xij l )YII 3 ;SS 3 ) = (-) 2S N c ^2(25 + 1) 
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j ja 
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^((A + 1 jM -1)(10)(Am)(H);(Am)(10)), 



C/((A-l, M )(10)(A/i)(ll);(AM)(10)), 



, (4-24) 



where cj^ c ' are given by Eqs. (|4.14p or by the equivalent form (|4.15p . Using the definition of 
U given in Appendix \C\ Tables IC.lHC.5l we have obtained the following expressions 



U((X + 1, /x - l)(10)(A/x)(ll); (A/i)(10)) p=1 
[/((A - l,/i)(10)(A/i)(ll); (A/i)(10)) p=1 = 



_ /i- A + 3 
4^3^ 

^ + 2A + 6 



[/((A + - l)(10)(A/x)(ll); (A / u)(10)) p=2 



1 / 3A(/i + 2)(A + //+ 1)(A + // + :$) 



M(A + 2)g A/Lt 



1 /3_(A + 2)//(// + 2)(A + // + 3) 



A(A + /i + l) 5AjU 



(4.25) 
(4.26) 
(4.27) 
(4.28) 



E7((A-l,/i)(10)(AM)(ll);(A A t)(10)) p=2 
where is given by the relation (I4.10p . 
4.4.2 Off-diagonal matrix elements of G ia 

We have applied the procedure of the previous subsection to obtain the off-diagonal matrix 
elements of Gi a as well. As mentioned above, there are only two types of non-vanishing matrix 
elements, those with (A'//) = (A + 2, /x - 1) , 5' = 5 + 1 and those with (A'//) = (A-2,/x + l), 
5' = 5 — 1 . We found that they are given by 

([N c }(\ + 2,fi- l)Y'l%;S + 1, S 3 \G ia \[N c ](Xfi)YII 3 ; 55 3 ) = 

R 25+1 iW2(25 + l) 
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x [/((A + 1,/i - 1)(10)(A + 2,/x - 1)(11); (A/x)(10)), 



(4.29) 



and 



<[Ay (A - 2, fi + l)y77 3 ; 5-1, 5 3 |G ia |[iV c ](A^)y//3; SS 3 [ 
(~) 2S N C v/2(25 + 1 
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x U((X - l,/i)(10)(A - 2,/i + 1)(11); (A/x)(10)). 



(4.30) 



4.5 Isoscalar factors of SU(6) generators for arbitrary N c 
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Note that the off-diagonal matrix elements do not contain a summation over p because in 
the right-hand side of the SU(3) product flUHD the terms (A + 2,/x - 1) and (A - 2,/z + 1) 
appear with multiplicity 1. 

The above expression require one of the following U coefficients 



U((X + 1,/i - 1)(10)(A + 2,/x - 1)(11); (A/i)(10)) = ~ J^±^±^±}1, (4.31) 



and 



U((X - l,/x)(10)(A - 2,/i + 1)(11); (A M )(10)) = -lJ ^±^±^±^- . (4.32) 



As a practical application for N c = 3, the off-diagonal matrix element are needed to 
couple 4 8 and 2 8 baryon states, for example. 



4.5 Isoscalar factors of SU(6) generators for arbitrary N c 

Here we derive analytic formulas for isoscalar factors related to matrix elements of SU(6) 
generators between symmetric states by comparing the definition (|4.5p with results from 
Sec. 4. In doing this, we have to replace Ei a by the corresponding generators Si, T a or Gi a 
according to the relations (|4.6p . Then from the result (|4.24|) we obtain the isoscalar factor of 
G ia for (A'//) = (A/u), S' = 5 as 



m pi 4 ] 

(A/i)5 (11)1 



[Nc] 



N(-l) 



25 



4(25 + 1) 



'22 



(5) 



S+l/2 1/2 5 
1 5 1/2 

5-1/2 1/2 5 
1 5 1/2 



(577(6)) 

U((X + 1,11— l)(10)(A/i)(ll); (A/i)(10)) p 



C/((A-1, M )(10)(A A( )(11);(Am)(10)), 



(4.33) 



Similarly, but using the formula H4.30n we obtain the isoscalar factors for (A'//) ^ (Xfi) 
S' 7^ 5. These are 



[Nc] [21 4 ] 
(A/i)5 (11)1 



[N c ] 

(A + 2, /x- 1)5 + 1 



25+1 / 4(25 + 1) 



x 4^(5 + 1)4^(5) J 5+1/2 1/2 5 



1 5+11/2 
x U((X + 1,/x - 1)(10)(A + 2,/i - 1)(11); (A / u)(10)), 



(4.34) 



and 



[N c ] [21 4 ] 
(A M )5 (11)1 



[N c ] 

(A-2,/x + l)5- 1 



^c(-l) 



25 



' 4(25 + 1) 
d N ^(SU(6)) 



x [/((A - l,/x)(10)(A - 2,/i + 1)(11); (A/z)(10)). 



(4.35) 
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Replacing cjj^ by definitions (|4.14p and the U coefficients by their expressions we have ob- 
tained the isoscalar factors for arbitrary N c listed in the first four rows of Table 14,11 



For completeness, we now return to the generators Si and T a which have only diagonal 
matrix elements. For Si we use the equivalence between Eq. fj4.5f) and the Wigner-Eckart 
theorem (|4.7|) . This leads to row 5 of Table 14.11 For T a we use the equivalence between Eq. 
(14. 5 p and the Wigner-Eckart theorem (14. 8p . The calculation of the isoscalar factors for p = 1 
and p = 2 gives the results shown in rows 6 and 7 of Table 14. 11 



One can alternatively express the SU(6) isoscalar factors of Table 14.11 in terms of A and 
fj, by using the identities A = 25, p = N c /2 - S and g Xfl = [N C (N C + 6) + 125(5 + l)]/4. 

Before ending this section let us calculate, as an example, the diagonal matrix element 
of Gis by using Eq. (|4.5p . We consider a system of N c quarks with spin 5, isospin I and 
strangeness 5 defined by Y = N c /3 + S. In this case Eq. (14. 5|) becomes 



{[N c }(\p)Y'l'l' 3 SS' 3 \G i8 \[N c }(Xp)YII 3 SS 3 ) = 5 YY ,5 ir 5 h 



CW(SU(6)) 



p=l,2 



(Xp) (11) 

YI 00 



(Xp) 
Y'l' 



Wc] [21 4 ] 
(Xp)S (11)1 



2 

Wc] 
(Xp)S 



S 1 

5 3 i 



S 
5' 



/ 

h o 



I', 



(4.36) 



Using Table 4 of Ref. [32] and our Table 1 for the isoscalar factors of SU(3) and SU(6) 
respectively we have obtained 



( Wd (Xp)Y'l'l' 3 SS 3 1 G i8 1 [N c ] (Xp)YII 3 S 5 3 



5 Y Y'5n>6 l3 r 3 (SI 
4^35(5 + 1) V S 3 i 



S 
5' 



3/(J + l)- 5(5 + 1)- -5(5-2) 



(4.37) 



With 5 = — n s , where n s is the number of strange quarks, we can recover the relation 



SiG 



31(1 + 1) - 5(5 + 1) - -n s (n s + 2) 



(4.38) 



used in Ref. |56| . (Ref. [56] contains a typographic error. In the denominator of Eq. (13) 
one should read yj3 instead of V2.) 



4.6 Back to isoscalar factors of SU(4) generators 

In the case of SU(4) D SU(2) x SU(2) the analogue of Eq. g3D is @D] 

<[Ay /^5'5^ a | [A^] /I 3 55 3 > = y/cW(SU(A)) 



( Wc] 


[21 2 ] 


Wc] \ 


( S 


S i 


S' \ 


( I I a 


V is 




I'S' ) 


\ ^3 


si 


S's ) 


\h II 



(4.39) 



(Aim)Si 



' [No] [21 4 ] 
v (Ai^i)Si (A 2 At2)S , 2 



[No] 

(Xn)S j 



(A + 2, n- 1)5 + 1 

(A M )S 

(A M )S 

(A-2,m + 1)5- 1 

(A M )S 

(Ayu)S 

(A M )S 



(11)1 
(11)1 
(11)1 
(11)1 
(00)1 
(11)0 
(11)0 



/ 2S+3 / (Ay-2,S)(Ay.+25+6) 
V 2S+1 V 5iV c (JV c +6) 



4(7V c + 3)^ 



2S(S+1) 



iVc(iVc+6)[iV c (JV c +6) + 12S(S+l)] 



/ (Af r - -J.V ) ( .V.. - 4- 2.V ) ( ■¥, +2-2MI.V, +6+2S) 
V 5N c (N c +6)[N c (N c +e) + 12S(S+l)l 



/ 2S-1 / (A',.-4-2S) 1 .V, +■ 
V 2S+1 V 5iV c (JV c +6) 



+2+2S) 



/ 4S(S+1) 
5iVc(iVc+6) 



/ JV c (JV c +6) + 12S(S+I) 
10iV c (iV c +6) 



Table 4.1: Isoscalar factors SU(6) for [N c ] x [21 4 ] -> [N c ] defined by Eq. ijOll . 
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where C [Nc] (SU(4)) = [3N C (N C + 4)]/8 is the eigenvalue of the SU(4) Casimir operator. Note 
that for a symmetric state one has I = S. We recall that the SU(4) algebra is 



[iS'jjjS'y] — ieijkSk, [T a ,Tb\ — i£ a t) C T C i [Si,T a ] — 0, 

[Si, Gia\ — ZEjjfcGfcQ, [T a , Gib] — ^abcGici 

1 % 
[Gi a , Gjb] = ~rSij£ a b c T c + —5 a b£ijkSk- 



(4.40) 



The tensor operators Ei a are related to Si, T a and Gi a (i = 1,2,3; a = 1, 2, 3) by 



T? — a ■ 



Ei, 



V2G ia . 



(4.41) 



In Eq. (|4.39p they are identified by I a S l = 01, 10 and 11 respectively. Now we want to obtain 
the SU(4) isoscalar factors as particular cases of the SU(6) results with Y a = 0. In SU(4) the 
hypercharge of a system of A^ c quarks takes the value Y = N c /3. By comparing (|4.5p and 
(I4.39D we obtained the relation 



where 



[N c ] [21 2 ] 
IS I a S i 



p=l,2 



Wc] 

I'S' 

(Am) (A> a ) 

^I 0I a 



jagi 



, C[ iV C ](SU(6)) 



(Am 



C[^](SU(4)) 
[N c 



[2l 4 



{\fi)S (\ a n a )S l 



Wc] 



(4.42) 



J a S l 



| fairs 1 

1 for I a S i 
1 for I a S i 



01 
10 

11 



due to (|4.6p . (|4.39p and (|4.4ip . In Eq. (I4.42|) we have to make the replacement 

A = 27, ^ = ^-1; A' = 2/', J = ^ - I', 



and take 



(AV a ) 



(00) for r = 
(11) for/ a = l 



(4.43) 



(4.44) 



(4.45) 



In this way we obtain the SU(4) isoscalar factors presented in Table 14.21 for a symmetric 
spin-flavor wave function. These isoscalar factors were originally derived by Hecht and Pang 
[40] . By introducing these isoscalar factors into the matrix elements (I4.39P we obtained the 
expressions given in Eqs. (A1-A3) of Ref. [9j. In Ref. [76] one can find another method to 
derive the matrix elements of G ia . 



4.6 Back to isoscalar factors of SU(4) generators 
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Si 



h 



S+l 5 + 1 

s s 

5-1 5-1 

5 5 

5 5 



5 2 / 2 



11 
11 
11 
10 
01 



SI 



ss 

55 
55 
55 
55 



[Ay [2ii] 

Sih S 2 h 





\ 


[No] 


SI 


) 



V 



(2S+3)(AV-2,s')(Av+4+2S) 
(2S+l)3iV c (JV c +4) 

Af c +2 



V3iVc(JVc+4) 

V 



(2S-l)(jV c +2-2.S)(Ay+2+2S) 
(2S+l)3AT c (Ar c +4) 



/ 4S(5+1) 
3Ar c (Ar c +4) 



Table 4.2: Isoscalar factors of SU(4) for [N c ] x [211] -» [JV C ] defined by Eq. (|Q5]> . This table 
is identical, up to a phase factor, to Table A4.2 of Ref. [40j . 
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Chapter 5 



Excited baryons in large N c QCD, 
the decoupling picture 

5.1 Introduction 

Few years after the pioneering work on ground-state baryons in the 1/N C expansion, excited 
baryons have begun to be studied. As we have seen in Chapter 3, the 1/N C expansion of QCD 
operators for ground-state baryons is based on the large N c consistency conditions. These 
conditions imply an SU(2./Vy) c contracted symmetry for ground-state baryons which can be 
related to the usual SU(2Nf) symmetry used in the quark models when N c —>oo. 

The approach used so far for large N c excited baryons is based on a kind of quark-shell 
model picture where the baryon is splitted into a symmetric core and an excited quark. How- 
ever, this approach leads to a conceptual problem. Indeed, for excited baryons it turns out 
that the SU(2iVj ) symmetry is broken to first order [32] for baryons belonging to multiplets 
where the spin-flavor part of the wave function is mixed-symmetric. Nevertheless, the exper- 
imental facts suggest a small breaking. 

One can still wonder if excited baryons satisfy consistency conditions like their ground- 
state cousins. Pirjol and Yang showed that a contracted SU(2iVy) symmetry arises also for 
excited states [76] . However, they supposed that excited baryons are narrow. But as Witten's 
large N c power counting rules predict that the decay widths of excited baryons are of order 
N®, it means that they do not become stable in the large N c limit. This leads to a second 
conceptual problem. 

Despite these two problems, the 1 /N c expansion method has been applied with success to 
some excited multiplets, the [70, 1"] 0|83] for the N = 1 band, the [56', 0+] [TO], the [56, 2+] 
[33] and the [70 1+] {£ = 0,2) [57] E2] for the N = 2 band and the [56, 4+] [56] belonging to 
the iV = 4 band3. 

Recently a new approach to excited baryons has been proposed [Mj where the baryon 
wave function is considered in one block, without decoupling it into a symmetric core and 
an excited quark. This approach predicts that the 1/N C expansion starts at the order 1/N C 
for mixed-symmetric multiplets, as for the ground state. The following chapter is devoted to 



1 For the definition of bands, see Chapter 2. 
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this new picture. 



Recent studies predict a multiplet structure of large N c baryons identical to the quark- 
shell predictions at large N c . They describe baryons as resonances in meson-baryon scattering 

[El EES]. 

A summary of the results obtained for the baryons belonging to the [70, £ + ] (£ = 0,2) 
multiplets can be found in Ref. [67] for the non-strange case and in Refs. [631 ES] for strange 
baryons. Refs. [581 [59] give a general discussion of highly excited baryons in large N c QCD. 
The drawbacks of the decoupling method are also discussed in Ref. [67] 



This chapter is divided into two parts. First we shall make a review of the decoupling 
picture of large N c excited baryons. In the second part, we shall illustrate this picture with 
our results for the multiplets, [70,^+] (£ = 0,2) and [56,4+]. 



5.2 The Hartree approximation 

The origin of the decoupling approach lies in Hartree work [92J. Witten suggested that 
baryons can be described by a Hartree wave function when one neglects spin-flavor depen- 
dent interactions. 



Let us first have a look at ground-state baryons in this simple picture. As the space part 
of the wave function is symmetric, the spin-flavor part is also symmetric. Then we have 
to study the problem of N c bosons in an attractive central potential. If we apply Witten's 
large N c power counting rules, the interaction between any given pair of quarkel is of order 
1/N C . Then, the total potential experienced by each quark is of order one, since every quark 
interacts with N c other quarks. In the large N c limit, one can assume that each quark moves 
in an average potential generated by the other N c — 1 quarks. The Hartree wave function 
can then be written as [32] 

N c 

$(xi,£i; . . .;x Nc ,£ Nc ) = Y[ip(xi)xs(£l, • • -,Cn c ), (5.1) 

i=i 

where ip(xi) are i = wave functions, Xi is the position of the i th quark and its spin-flavor 
quantum numbers. Xs(£l) • • • > £iV e ) is a totally symmetric tensor of rank N c in the spin-flavor 
space. 

Let us now consider excited baryons with an excitation energy of order one, which means 
that the number n of excited quarks is small, i.e. n « N c . These baryons are composed 
of 0(N C ) ground-state quarks (the "core") and 0(1) excited quarks. In this approach, the 
N c — n core quarks are described by a symmetric wave function in both orbital and spin-flavor 
parts, as the ground-state baryons [32]. This means that the space and the spin-flavor parts 
of the core wave function are symmetric under the interchange of any two quarks. 

Let us take the example where only one quark is excited. The states with one excited 
quark can belong either to a symmetric [N c ] or to a mixed symmetric [N c — 1,1] irrep of 0(3). 



2 This interaction implies a gluon exchange between two quark lines inside the baryon. A factor l/\/N c 
appears at each quark-giuon vertex (see Chapter 1). 



5.2 The Hartree approximation 
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To form a symmetric orbital-spin-flavor state from an orbital state of a given symmetry one 
has to combine it with a spin-flavor state of the same symmetry. The wave function formed 
of a symmetric orbital and a symmetric spin-flavor parts takes the form 




where \s is defined as above and (fi(xj) is the wave function of the excited quark. The 
normalization constant is consistent with the sum over j. In term of Young tableaux, the 
wave function (|5.2[) becomes 



N c N c N c 




where the N c -th. quark, supposed to be the excited quark is marked by a cross. 



To form a totally symmetric orbital-spin-flavor state starting from an orbital state of 
mixed symmetry [N c — 1,1] the procedure is slightly more complicated. In this case a totally 
symmetric state is given by |85j 



v 7 ^ 



\[N c -l,l}Y)o\[N c -l,l]Y) SF , 



(5.4) 



where the indices designate the orbital (O) and the spin-flavor (SF) basis vectors spanning 
the invariant subspace of the irrep [N c — 1,1]. Each of these vectors carries a label Y which 
corresponds to a given Young tableau. For illustration, let us consider the case of N c = 5. 
Explicitly the sum is 
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(5.5) 

The first term contains the 5-th quark in the second row and is given by the product of two 
normal Young tableaux. The other three terms have the 5-th quark in the first row. Explicit 
forms of the orbital wave functions are given in the next chapter in Table 16.11 For N c quarks 
there will be one term with normal Young tableaux and N c — 2 terms with the iV c -th particle 
in the second row. 



In Ref . [32] , the wave function constructed from orbital and spin-flavor parts of symmetry 
[N c — 1,1] has the following form 



$Ms(zi,fi; • • ■ ;%n c ,£n c ) 
Xms((i, ■■■,£n< 



y/N c (N c - 1) 



3£ 



(5.6) 



One can see that the orbital part contains all possible terms obtained from the permutation of 
the excited quark j with the other quarks. This form strictly corresponds to a normal Young 
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tableau with the iV c -th particle in the second row. The irreducible rank N c mixed-symmetric 
tensor xms formed of single-particle spin-flavor states must have the same permutation prop- 
erties. Examples are given in Eqs. (|5.15p - (l5.18p . 



It follows that the expression (j5.6H is a truncated form of Eq. (|5,4p . It contains only the 
term associated to the normal Young tableau, the other N c — 2 terms being omitted. The 
normalization constant l/\/N c — 1 has been suppressed, although it plays a crucial role in 
the N c counting. Thus, although this function is symmetric under the permutation of the 
N c — 1 quarks of the core, it breaks Sat c . The approximation (|5.6I) can thus be illustrated as 



N c -1 



N c -1 









X 





... □ 







X 





... □ 



(5.7) 



where the iV c -th quark, supposed to be the excited quark is marked by a cross, as above. 



5.3 Wave functions 

The standard approach to excited baryon states is based on the wave functions (|5.2p and 
(15. 6p . written in the spirit of the Hartree approximation. Indeed it was believed to be the 
only way to make the problem tractable [9] . The wave function (|5.2p suggests that an excited 
state described by a symmetric SU(2iVj) representation [N c ] as e.g. the resonances belonging 
to the [56, 2 + ] or to the [56, 4 + ] multiplets, can be treated in a way similar to that of the 
ground state, the difference being that the total wave function contains an angular momen- 
tum part \£mt) with £ ^ 0. Then, as for the ground state, the needed ingredients are the 
matrix elements of the generators of SU(4) for Nf = 2 or of SU(6) for Nf = 3 between [N c ] 
states. These are known and can be found, for example, in Ref. [9] for SU(4) and in Ref. 
[EE] for SU(6). 

The difficulty arises for multiplets described by the mixed-symmetric representation [N c — 
1, 1], reduced to [70] for N c = 3. One needs to know the matrix elements of the SU(2iVj) 
generators for arbitrary N c . So far only the matrix elements of the SU(4) generators between 
states of symmetry [N c — 1, 1] are known [30]. Their recent use to the study of the [70, l - ] 
multiplet is described in detail in the following chapter. 

In the present chapter we describe an approximate method, the origin of which is the 
Hartree-type wave function (|5.6|) that allows to reduce the treatment of mixed-symmetric 
states to a form similar to the ground-state description. This method has been applied to 
the [70, 1"] multiplet [9] and to the [70,0+] and [70,2+] multiplets [S3 The latter are 
presented in details in this chapter. 

This approximate method consists in describing an excited baryon state as a single excited 
quark coupled to a "core" for which both the orbital and the spin-flavor parts of the wave 
function are symmetric. The excited quark is coupled to the core by its angular momentum. 
The core can be in the ground state or excited. If the core is excited, it brings the corre- 
sponding angular momentum contribution to the total angular momentum of the system of 
N c quarks (see below). 



For generality we shall consider three flavors (Nf = 3). 



5.3 Wave functions 
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5.3.1 Symmetric wave functions 

The symmetric wave function in both SU(6) and 0(3), used for example for the analysis of 
the [56, 2 + ] or [56, 4 + ] multiplets can be written as 



WJJxMrm,- E („t 



m e ,S3 



\SS 3 )\(\»)YII 3 )\em e ), (5.8) 



where, as introduced in Chapter 4, (A^li) labels the SU(3) irreducible representations and Y 
stands for the hypercharge. 

5.3.2 Mixed-symmetric wave functions 

As explained above, one needs to discuss separately the case with one excited quark and the 
case with n > 1 excited quarks. 

The case of one excited quark 

First let us consider the case with one excited quark and N c — 1 core quarks. If we look at 
Table ESI this configuration is allowed for the [70, l - ] and [70, (£ = 0, 2) multiplets. The 
symmetric core state is denoted by 

\S c mi)\{\ c ii c )Y c I c I cz ), (5.9) 
the subscript c referring to the core. The excited quark state is denoted by 

|l/2m 2 )|(10)yM 3 )|^). (5.10) 



To form states describing the whole system, we have to couple the core wave function to 
the excited quark wave function. Then, in SU(6) x SO(3), the most general form of the wave 
function is 



\£S; JJ 3 ; (A/x)y// 3 ) = Y, ' ' S 



x mt S 3 

m e ,S 3 



J 
■h 



< ^cJ5 ; - 1 ' 11 (5')|5S3;p)|(A/i)y//3;p')l^) 5 (5-11) 



where p and p 1 denote the row number where the iV c -th quark is located in a Young tableau. 
Then the spin wave function is 

\ SS ^P) = E ( ^ j 2 I ) |S c mi>|l/2m 2 >, (5.12) 

with p = 1 if S c = S — 1/2 and p = 2 if S c = S + 1/2 and the flavor wave function is 



Y c ,I c ,I C3 ,y,i,i 3 



\(\ cf i c )Y c I c I C3 )\(10)yii 3 ), (5.13) 



where p' = 1 if (A c /x c ) = (A — 1,/x), p' = 2 if (A c /i c ) = (A + 1,/i — 1) and p' = 3 if (A c /x c ) = 
(A, /i + 1). The spin-flavor part of the wave function (|5.11f) of symmetry [iV c — 1, 1] results 
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from the inner product of the spin and flavor wave functions. The coefficients cj^T (S) are 



isoscalar factors |85} 187] of the permutation group of N c particles. They have already been 
introduced in Section [4.31 For the mixed-symmetric representation [N c — 1, 1], we have 



JJVc-1,1] 

-li 



(S) 



-12 

„[JVc-l,l] 
-13 



l (S) 
(S) 



(S + 1)(N C -2S) 
V ^c(25 + 1) ' 

j s[N c + 2{S + rj\ 
V ^c(25 + 1) ' 

4f- 1 > 11 (5) = i I 
i. 



(5.14) 



In Eqs. (|5.15|) - (|5.18|) below, we illustrate their application for N c = 7. In each inner product 
the first Young diagram corresponds to spin and the second to flavor. Accordingly, one can 
see that Eq. (051) stands for 2 10, Eq. (15361 for 4 8, Eq. ([537]) for 2 8 and Eq. (153H|) for 2 1. 
Each inner product contains the corresponding isoscalar factors and the position of the last 
particle is marked with a cross. In the right-hand side, from the location of the cross one can 
read off the values of p and of p' . The equations are 
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(5.15) 
(5.16) 
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(5.18) 



The case of n > 1 excited quarks 

When more than one quark is excited, the Hartree approximation suggests that the baryon 
is composed N c — n core quarks in the ground state and n excited quarks |92j . Here, to 
generalize the approach developed for one excited quark, we suppose that the core is still 
symmetric but not in the ground state. The core acquires an angular momentum £ c and its 
wave function becomes 

| S c mi)\ (X c fi c )Y c I c I C3 )\£ c m c ) , (5.19) 
and the excited quark wave function is 



l/2m 2 }\{W)yii 3 )\£ q m q ), 



(5.20) 



5.3 Wave functions 
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where the indices c and q stand for the symmetric core and the excited quark respectively. 
The SU(6) x 0(3) symmetric wave function becomes 



\eS;JJ 3 ;(Xfi)YII 3 ) = ]T 

m c ,m q ,mi,S3 

JiVc-1,1] 



m c m q 



mi 



£ S 
rat S 3 



J 



(5.21) 



pp 



where the coupling between the angular momentum of the core and of the excited quark has 
been included through an extra Clebsch-Gordan coefficient. 



5.3.3 Operator expansion 

For excited states one has to generalize the operator expansion Eq. (13.181) by including the 
generators t of the orthogonal group SO (3). The expansion of a one-body QCD operator 
becomes 

0QCD dy = E c ^ (n) ' (5-22) 

n 

with 

OW = • Ofl (5.23) 

where and 0^ F are respectively A;-rank tensors in S0(3) and SU(2). They can be ex- 
pressed in terms of products of generators £'\ S' 1 , T a and G ta . 



For the mixed-symmetric multiplets, the baryon wave function is splitted into a symmetric 
core and an excited quark, each generators must be written as the sum of two terms, one 
acting on the core and the other on the excited quark. One has 

e = e c + e q) s i = s i e + s i ] T a = T« + t a - c ia = G i c a + g ia , (5.24) 

where £ l c , S l c , T c a and G ia are the core operators and t q , s l , t a and g ia the corresponding 
excited quark operators. 

One may ask if there are SV(2Nf) operators identities for mixed-symmetric multiplets 
like for the symmetric multiplets (see Section f3.5p . As proved in [9], there is only one iden- 
tity which reduces the two-body operator to an SU(2i\M singlet, the Casimir operator. In 
terms of core and excited quark generators, this identity implies that we must eliminate the 
redundant operator gG c from the operator expansion. 

One important consequence of the truncation of the wave function implied by the splitting 
is that the SU(2A r j) symmetry is broken at order 0(N®) for mixed-symmetric multiplets. This 
statement is best illustrated by considering the spin-orbit one-body operator £ q s l . The £ q s l 
operator acts on the excited quark only. As already mentioned, the excited quark is the ./V c -th 
particle of the wave function and is located in the second row of the Young tableaux, see Eq. 
(15. 7|) . Here, we rewrite it by using fractional parentage coefficients. For one-body operators, 
we need one-body fractional parentage coefficients. In this way, one can decouple the last 
particle from the rest. In the simple case where the spatial wave function contains only one 
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excited quark, for example, having the structure (Os) c 1 (0p), and symmetry [N c — 1, 1] one 
can show that [57] 

|[jV c - l,l](Q S ) jV -- 1 (0p),l')= _ 

^V c -i](° s ) ff "V[i](0p) - / JVc-i] [(0s) N °-\0p)) ^(Os). (5.25) 

where the first factor in each term in the right-hand side is a symmetric (N c — l)-particle wave 
function and (f)m is a single particle wave function associated to the iV c -th particle. In the 
case of the spin-orbit operator one can see that only the first term contributes (the operator 
acts on the last particle only) . Its matrix element is proportional to the square of the coeffi- 
cient of the first term, i.e. with which for large N c gives to the spin-orbit the order 0(1). 

For spin-flavor symmetric states, the corresponding expression in term of fractional parent- 
age coefficients is [57] 

\[N c ](0sf«~ l (0d),2+) = 

^[iV o -i](0s)^-V[i](0d) + y^=^v c -i] {(0s) N °- 2 (0d)) 0^(0*), (5.26) 

where we have taken the configuration (0s) Nc ~ 1 (0d) as an example. It corresponds to the 
[56, 2 + ] multiplet. As the spin-orbit operator £ q s l acts only on the last particle, it is of order 
1/N C for symmetric multiplets. 

Let us rewrite the operator i q ■ s as £(N C ) • s(N c ) to point out the fact that this operator 
acts on the iV c -th quark. This notation will be used in Chapter 6. The Hartree wave functions 
(15. 2 p and (|5.6p can be used to obtain the expectation values of the operator £(N C ) ■ s(N c ) 
, [35] . The result is 




(WW • s(iv c )|*) = 

in agreement with the discussion carried above 



O m with VP = $ s (Eq. Q) 

, (5.27) 

0(N°) with * = $ MS (Eq. (|MD ) 



5.4 The [70, £+} {I = 0, 2) baryon multiplets 

As we have seen in Figure EU the [70,0+] and the [70,2+] multiplets belong to the N = 2 
band, with baryon masses of ~ 2 GeV. 

For these multiplets, Table 12.61 suggests that there are two possible configurations. For 
the [70, + ] one can write the orbital part of the wave function as 

|[N C - 1,1], 0+) = y||[AT c - 1,1](0 S )^-1(1 S )> + y||[iV c - 1,1](0 S )^-W>. (5.28) 

In the first term, (Is) is the first single particle radially excited state with n = 1, £ = 
(N = 2n + £). In the second term the two quarks are excited to the p-shell to get N = 2. 
They are coupled to £ = 0. By analogy, for the [70, 2 + ] one has, 

|[N C - 1,1], 2+) = ^\[N C - l,l](0s) N «-\0d)) + y||[JV c - l,l](0 fl )^- 2 (0p) 2 >, (5.29) 
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where the two quarks in the p-shell are coupled to £ = 2. 



One can see that the coefficients of the linear combinations (|5.28p and (|5.29p are inde- 
pendent of N c which means that both terms have to be considered in the large N c limit. As 
discussed in Section 15.3.21 the first term of Eqs. (15.280 or (|5.29p can be treated as an excited 
quark coupled to a symmetric ground-state core (Eq. (|5.25|) ). The second term is treated 
as an excited quark coupled to an excited core. Indeed, by using the fractional parentage 
technique, one can write 

\[N c - l,l](0s ) N ^ 2 (0p) 2 ,£ + ) = 

^=^*[;v c -i] ((0s) N ^ 2 (Op)) w (Op) - ^Jf[N c -l] ((0s) N <- 3 (Op) 2 ) J> {1] (0s). 

(5.30) 

One can see that the coefficient of the first term is 0(1) and the coefficient of the second term 

— 1/2 

0(N C ). Then, in the large N c limit, one can neglect the second term and take into account 
only the first term in the wave function, where the iV c -th particle has an I = 1 excitation. 

In the calculations, one has to add the two contributions coming from the two possible 
configurations of Eqs. (|5.28|) and (|5.29j) . For this purpose, we use the two wave functions Eq. 
(|5.1ip and Eq. (|5.2ip describing the two cases, with one and two excited quarks respectively. 

Historically, we have first studied the [70, £ + ] multiplets for non-strange baryons [57]. In 
a second stage, we have analyzed the strange baryons [62 j . The reason of this sequence comes 
from the fact that meanwhile we obtained analytic expression for the matrix elements of the 
SU(6) generators for a symmetric spin-flavor wave function. This was the subject of Chapter 
3. Here we present separately the non-strange and the strange baryons belonging the [70, £ + ] 
multiplets. 



5.4.1 The non-strange baryons 
The mass operator 

One can use the QCD one-body operator expansion Eq. (I5.22p to the mass operator to write 



where Cj are the unknown dynamical coefficients (see Section 13. 3p and the operators Oi are 
SU(4) x 0(3) scalars. The building blocks of these operators are, as already explained, the 
core and the excited quark generators. The unknown coefficients are obtained from fitting 
the experimentally known masses (see Table [53]). We also introduce the tensor operatoiH 



l{CJl}-lk-/a-£ b , (5.32) 



with a = c, b = q or vice versa or a = b = c or a = b = q. For simplicity when a = b, we shall 

(2)ij 

use a single index c, for the core, and q for the excited quark so that the operators are £ c 

(2)ij 

and £ q respectively. The latter case represents the tensor operator used in the analysis of 



68 



Excited baryons in large N c QCD, the decoupling picture 



Operator Fitted coef. (MeV) 

Oi=N c t ci = 555 ± 11 

2 = 4 S< c 2 = 47 ± 100 

°3 = itj { q )13 g la Gi a c 3 = -191 ± 132 

4 = -j^(S l c S* c + s l S* c ) c 4 = 261 ± 47 

Table 5.1: List of operators and the coefficients resulting from the fit with Xdof — to 
resonances belonging to the [70, £ + ] multiplets [57] . 



the [70,1 ] multiplet (see e.g. Ref. [9]). 

We apply the 1/N C counting rules presented in Refs. [9] and [73] and use their conclusions 
in selecting the most dominant operators in the practical analysis. For non-strange baryons, 
Table I of Ref. [9] gives a list of 18 linearly independent operators. If the core is excited the 
number of operators appearing in the mass formula is much larger. However due to lack of 
experimental data, here we have to consider a restricted list. The selection is suggested by 
the conclusion of Ref. [9], (Nf = 2) and of Ref. [83] (Nf = 3), that only a few operators, of 
some specific structure, bring a dominant contribution to the mass. Following the notation of 
Ref. [S3] these are 0\, O2, O3 and O4 exhibited in Table [5~T1 The first is the trivial operator 
of order 0{N C ). The second is the one-body part of the spin-orbit operator of order 0(1) 
which acts on the excited quark. The third is a composite two-body operator formally of 
order 0(1) as well. It involves the tensor operator (|5.32p acting on the excited quark and 
the SU(4) generators g ia acting on the excited quark and G c a acting on the core. The latter 
is a coherent operator which introduces an extra power N c so that the order of O3 is 0(1). 
In order to take into account its contribution we have applied the rescaling introduced in 
Ref. [83] which consists in introducing a multiplicative factor of 3. Without this factor the 
coefficient C3 becomes too large, as noticed in Ref. |83j @ The dynamics of the operator O3 is 
less understood. Previous studies [H [83] speculate about its connection to a flavor exchange 
mechanism |30|. I19| related to long distance meson exchange interactions. Finally, the last 
operator is the spin-spin interaction, the only one of order 0{\/N c ) which we consider here. 
Higher order operators are neglected. 

Matrix elements of the operators Oi are presented in Tables [o~2l and [531 General formulas 
used to derived these elements are presented in Appendix [Dl 

The spectrum of non-strange baryons (Nf = 2) 

In Table 15.41 we present the masses of the resonances which we have interpreted as belonging 
to the [70, + ] or to the [70, 2 + ] multiplet. For simplicity, mixing of multiplets is neglected 
in this first attempt. The resonances shown in column 8, correspond to either three stars 
("very likely") or to two stars ("fair") or to one star ("poor") status, according to Particle 
Data Group (PDG) [93]. Therefore we used the full listings to determine a mass average 

3 The irreducible spherical tensors are defined according to Ref. [5]. 

4 Alternatively the factor 3 could be included in the definition (|5.32|) of the tensor operator, as sometimes 
done in the literature. In practice what it matters is the product aOi. 
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Oi 2 O a Oi 

4 7V[70,2+]| + N c § -^(AT. + l) ^_ 

2 7V[70,2+]§ + 7V C ^-(2N c -3) -^(^ + 3) 

4 7V[70,2+]f + 7V C -I _^(7V C + 1) ^ 

4 iV[70,0+]§ + iV c 



2 iV[70,2+]| + 7V C _ i ( 2 JV e -3) ^(^ + 3) 



4 7V[70,2+]§ + N c -§ 

2 7V[7O,0+]± + JVc ^(/Vc + 3) 

4 JV[70,2+]1 + N c -1 -_7_(jv e + i) 

Table 5.2: Matrix elements of iV used to obtain the fit of Table [5~T1 [57] . 





Oi 


o 2 


o 3 


o 4 


2 A[70,2+]| + 
2 A[70,2+]| + 
2 A[70,0+]i + 


iVc 

N c 

iVc 


2 
!) 

1 

3 









1 

Av 

1 
1 



Table 5.3: Matrix elements of A used to obtain the fit of Table IBTTl [57J. 



in each case. The experimental error to the mass was calculated as the quadrature of two 
uncorrelated errors, one being the average error from the same references and the other was 
the difference between the average mass and the farthest observed mass. For the Pn(2100)* 
resonance we report results from fitting the experimental value of Ref. [78], as being more 
recent than the average over the PDG values. Note that the observed mass of Ref. [TS] is in 
agreement with the recent coupled channel analysis of Manley and Saleski [52] . 

Several remarks are in order. Due to its large error in the mass, the resonance -Fi5(2000) 
could be either described by the | 2 iV[70, 2+]5/2+) state or by the | 4 iV[70, 2+]5/2+) state 
(inasmuch as they appear separated by about 60 — 70 MeV only, in quark model studies, 
see, e.g., [HJ EE]). Here we identified iq 5 (2000) with the | 4 iV[70, 2+]5/2+) state because it 
gives a better fit. Regarding the ^35(1905) resonance there is also some ambiguity. In Ref. 
[33] it was identified as a | 4 A[56, 2+]5/2+) state following Ref. [S], but in Ref. [56 the 
interpretation | 4 A[70, 2+]5/2+) was preferred due to a better x 2 fit an d other considerations 
related to the decay width. Here we return to the identification made in Ref. [33] and assign 
the | 4 A[70,2+]5/2+) state to the second resonance from this sector, namely ^35(20 00), as 
indicated in Table l5\4l We hope that an analysis based on configuration mixing and improved 
data could better clarify the resonance assignment in this sector in the future. Presently the 
resulting Xdof ^ s arj out 0.83 and the fitted values of q are given in Table 15. 11 Besides the 
seven fitted masses Table 15.41 also contains few predictions. 

We found that the contributions of S' l c Sl and s l Sl are nearly equal when treated as inde- 
pendent operators. Therefore, for simplicity, we assumed that they have the same coefficient 
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in the mass operator. One can see that the spin-spin interaction given by O4 is the dominant 
interaction, as in the [56, 2 + ] multiplet [33] or in the [56, 4 + ] multiplet |56j . Thus the main 
contributions to the mass come from 0\ and O4. It is remarkable that c\ and C4 of the 
multiplets [56, 2 + ] and [70, £ + ], both located in the N = 2 band, are very close to each other. 
In terms of the present notation the result of Ref. [33] for [56, 2 + ] is c\ = 541 ± 4 MeV and 
c 4 = 241 ± 14 MeV as compared to cy = 555 ± 11 MeV and c 4 = 261 ± 47 MeV here. Such 
similarity gives confidence in the large N c approach and in the present fit. 

Finally note that the contributions of 2 and O3 lead to large errors in the coefficients q 
obtained in the x 2 fit> which could possibly be removed with better data. The operator O3 
containing the tensor term plays an important role in the reduction of x\ i an d it should be 
further investigated. 



1/N C expansion results 
Partial contribution (MeV) Total (MeV) Empirical (MeV) Name, status 







ciOi 


C2O2 


C3O3 


C404 








4 JV[70,2+ 


7 + 
2 


1665 


31 


12 


217 


1956 ± 95 


2016 ± 104 


Fi 7 (1990)** 


2 iV[70,2+ 


5 + 
2 


1665 


10 





43 


1719 ± 34 






4 7V[70,2+ 


5 + 
2 


1665 


-5 


-106 


217 


1771 ± 88 


1981 ± 200 


Fi 5 (2000)** 


4 7V[70,0+ 


3 + 

2 


1665 








217 


1883 ± 17 


1879 ± 17 


Pi 3 (1900)** 


2 7V[70,2+ 


3 + 
2 


1665 


-16 





13 


1693 ± 42 






4 7V[70,2+ 


2 


1665 


-31 





217 


1851 ±69 






2 7V[70,0+ 


1 + 

2 


1665 








13 


1709 ± 25 


1710 ± 30 


Pn(1710)*** 


4 7V[70,2+ 


1 + 
2 


1665 


-47 


1 19 


217 


1985 ± 26 


1986 ± 26 


Pn(2100)* 


2 A[70, 2+ 


5 + 
2 


1665 


-10 





87 


1742 ± 29 


1976 ± 237 


P 35 (2000)** 


2 A[70,2+ 


3 + 
2 


1665 


16 





87 


1768 ± 38 






2 A[70,0+ 


1 + 
2 


1665 








87 


1752 ± 19 


1744 ± 36 


P 3 i(1750)* 



Table 5.4: The partial contribution and the total mass (MeV) for the non-strange [70, l + ] 
multiplets predicted by the 1/N C expansion as compared with the empirically known masses 
[57]. 



5.4.2 The strange baryons 
The mass operator 

For the strange baryons, the mass operator can be written as the linear combination 

6 

M [70/+] = J2 ^Oi + di-Bi + d 2 B 2 + d A B A , (5.33) 
i=l 

where Bi are additional SU(6) breaking operators which are defined to have vanishing matrix 
elements for non-strange baryons. The operators B\ and B 2 are introduced by analogy with 
the ground state (Section l3.6.2p . The operator B A is new. The values of the coefficients c, and 
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di which encode the QCD dynamics, are given in Table 1531 They were found by a numerical 
fit described in the next section. 



Operator 


Fitted coef. (MeV) 




Oi = N c l 


Cl = 


556 


± 


11 


oi c i 

— t q S 


C2 = 


-13 


± 


1 7 




C3 = 


-85 


± 


72 












Os = ^(SlS* c + s*S* c ) 


C5 = 


253 


± 


57 




C6 = 


-25 


± 


86 


B 4 = 3^9 !8 - ^0 2 


di = 
d 2 = 


365 
-293 


-H -H 


169 
51 



Table 5.5: List of operators and the coefficients resulting from the fit with Xdoi — 1-0 to 
non-strange and strange resonances belonging to [70, £ + ] {I = 0,2) |62j . 



There are many linearly independent operators Oi and Bi which can be constructed from 
the excited quark and the core operators. Here, due to lack of data, we have considered again 
a restricted list containing the most dominant operators in the mass formula. The selection 
was determined from the previous experience of Refs. [9] and [57] (see Section 15.4. ip for 
Nj = 2 and of Ref. [83J for Nj = 3. The operators Oi entering Eq. (|5.33p are listed in 
Table 15.51 0\ is linear in N c and is the most dominant in the mass formula. At N c — > oo 
is the only one which survives. O2 is the dominant part of the spin-orbit operator. It acts 
on the excited quark and is of order N®. The operator O3 is a generalization for SU(6) of 
the O3 operator presented in Section 15.4.11 It is, of course, of order N® because G* a is a 
coherent operator (Section 13. 3|) . For the same reason the matrix elements of O4 are also of 
order iVj. As explained in the next section, we could not obtain its coefficient C4, because of 
scarcity of data for the [70, £ + ] multiplet. The spin-spin operator O5 is of order 1/N C , but 
its contribution dominates over all the other terms of the mass operator containing spin. 

Here we take into account the isospin-isospin operator, denoted by Oq, having matrix 
elements of order N® due to the presence of T c which sums coherently. Up to a subtract- 
ing constant, it is one of the four independent operators of order N®, which, together with 
0\, are needed to describe the submultiplet structure of [70, 1~] [18J. Incidentally, this op- 
erator has been omitted in the analysis of Ref. [83]. Its coefficient cq is indicated in Table IS~5l 

In Tables 15.6} 15.71 and 15.81 we show the diagonal matrix elements of the operators Oi for 
octet, decuplet and flavor singlet states respectively. From these tables one can obtain the 
large A^ c behaviour mentioned above. Details about O3 are given in Appendix [Dj Its matrix 
elements change the analytic dependence on N c in going from SU(2) to SU(3). This happens 
for octet resonances and can be seen by comparing the column 3 of Table 15.61 with the cor- 
responding result from Table 15.21 The change is that the factor N c + 1 in SU(2) becomes 
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N c + 1/3 in SU(3). The same change takes place for all operators 0{ containing Gi a as for 
example the operator O4 also presented in Appendix IDl 

The SU(6) breaking operators, B\ and B2 and -B4 in the notation of Ref. [S3], expected 
to contribute to the mass are listed in Table [531 The operators B\, B2 are the standard 
breaking operators while B4 is directly related to the spin-orbit splitting. They break the 
SU(3)-flavor symmetry to first order in e — 0.3 where e is proportional to the mass difference 
between the strange and u, d quarks. Table 15.101 gives the matrix elements of the excited 
quark operator tg and of the core operator Tg which are necessary to construct the matrix 
elements of B\ and B<i- These expressions have been obtained as indicated in Appendix [Dl 
It is interesting to note that they are somewhat different from those of Ref. [83J. However 
for all cases with physical quantum numbers but any N c , our values are identical to those of 
Ref. [83], so that for N c = 3 there is no difference. 

For completeness, Table [531 gives the matrix elements of 3£*<7 l8 needed to construct -B4. 
They were obtained from the formula (ID. 501) derived in Appendix [Dj As above, they are 
different from those of Ref. [83] except for cases where I and S correspond to physical states. 
Unfortunately none of the presently known resonances has non-vanishing matrix elements for 
B4. By definition all Bi have zero matrix elements for non-strange resonances. In addition, 
the matrix elements of B4 for £ = resonances also cancel and for the two remaining exper- 
imentally known strange resonances they also cancel out. For this reason the coefficient 
could not be determined. 





Oi 


2 


o 3 


O4 


O5 


o 6 




4 8[70,2+]f 


N c 


2 
3 


3iV c + l 
18JV C 


2(3iV c + l) 
9(JV C +1) 


5 

2N C 


iV c -13 
12AT C 




2 8[70,2+]§ 


N c 


2(2JV c -3) 





4(JV c +3)(3JV c -2) 


iVc+3 


JV2_4JV C - 


■9 


9Af c 


27Af c (Af c +l) 




12N'£ 




4 8[70,2+]f 


N c 


1 


5(3JV C + 1) 


3iV c + l 


5 


iV c -13 




'1 


36iV c 


27(iV c + l) 


2N C 


12AT C 




4 8[70,0+]| 


N c 











5 

2iV c 


iV c -13 
12iV c 




2 8[70,2+]| 


N c 


2iV c -3 





2(iV c +3)(3iV c -2) 


iVc+3 


JV2_ 4 JV C - 


-9 


3iV c 


9iV c (iV c + l) 


4N 2 


!2N'f 




4 8[70,2+]| 


N c 


2 
3 





2(3JV C + 1) 
9(iV c + l) 


5 

2iV c 


iV c -13 
12iV c 




2 8[70,0+]| 


N c 











iVc+3 


JV2_ 4 JV C - 


-!) 


4JV 2 


!2N'f 




4 8[70,2+] \ 


Nc 


-1 


7(3JV C + 1) 


3iV c + l 


5 


N c -13 




36JV C 


3(AT C + 1) 


2iV c 


12N C 





Table 5.6: Matrix elements for octet resonances |62j. 
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Oi 


o 2 


o 3 


o 4 


o 5 


o 6 


2 10[70,2+]f 
2 10[70, 2+]| 
2 10[70,0+]§ 


N c 
AV 
N c 


2 
9 

1 







2(3iV c +7) 
27(iV c + l) 

3JV c + 7 


1 

N, 
1 


12AT C 
iV c +5 


3 



9(JVc + l) 



N c 
1 

JV 


]V c +5 
12AT C 



Table 5.7: Matrix elements for decuplet resonances [62 





Oi 


o 2 


o 3 


o 4 


o 5 


o 6 


2 l[70,2+]f 
2 l[70,2+]f 
2 1[70,0+]| 


Af c 
N c 
N c 


2 
3 

-1 


















N c +5 
6N C 

N c +5 
6JV C 

iV c +5 
6iV c 



Table 5.8: Matrix elements for singlet resonances [62 



4 8[70,2+]| 



3£ l g lS 

2N c ~4I(I+l)+S(S+i) + l 

'2 2\/3(iV c -l) 

2nr~ n 9 +i5 4iVg+4/(/+l)(9+JV c (7iV c -12))-9(5-l) 2 -iV c 2 (5-l)(75-19) + 12iV c (5(5-5) + l) 

1 ' J 2 6x/3JV c (iV c -l)(]V c +3) 

4arTn 0+1 5 2iV e -4J(/+l)+5(5+4) + l 

8KU '^ J 2 12n/3(JV c -1) 

4 8[70,0+]| 

2or_ n 9+1 3 4JV^+4/(/+l)(9+iV c (7iV c -12))-9(5-l) 2 -JVg(5-l)(75-19) + 12iV c (.S(5-5) + l) 

1 ' J 2 4v / 3iVc(Afc-l)(JVc+3) 

4o[ 7n o+l3 2iV e -4J(/+l)+5(5+4) + l 

8KU,Z J 2 2V3(AT C -1) 

2 8[70,0+]i 



2 
1 

2 4(AT C -1) 



4 8[70 2+]- V3(2jV c -4I(.f+l)+S(S+4)+l) 



2 ln[7n n+l5 2N c +4I(I+l)-S(S-8) 

1Ul ' U,Z J 2 6v^(iV c +5) 

2 ln[7n n+l 3 2JV c +47(/+l)-5(5-8)- 

1UKU ' Z J 2 6^(iV c +5) 

2 10[70,0+]i 



2 1[70, 2+] 
2 1[70, 2+] 



3+12/(/+l)-2JV c (Af c + l)-35(5+2JV c + 2) 
2 V^3(JV c + l)(iV c +3) 

V3(3+12/(/+l)-2JV e (JV c + l)-35(5+2JV c + 2)) 



2 2(iV c +l)(iV c +3) 

1 
2 



2 1[70,0+U 



Table 5.9: Matrix elements of the term 3^y 8 of [62 



2g^ iVg + [5(5-5)+4J(J+l)-l]JVg-3[S(2-S)+4/(J+l)-2]iV c +9S N* + (3S + 1)N° + [(S(S+1)-4,I(I+1)-2]N* -3[S(S+l)-4,I(I+l)+2]Nc-9S 



'10,/ 



2^3iV c (JV c -l)(JV c +3) 2\/3iV c (]V c -l)(iV c +3) 



4„ 2iV e -4i"(7+l)+5(.S+4) + l 2Af^+2(35-2)iV e +4J(i"+l)-5(^+10)- 

J 4V3(iV c -l) 4v / 3(iV c -l) 



2JV c +4J(J+l)-S(S-8)-5 2N^+2(3S+4)N c ~4I{I+l)+S(S+22)+5 
4\/3(iV c +5) 4^3(jV c +5) 



2i -2jV^ -2(35+1) JV c + 127(J+l)-35(5+2)+3 JVg +3(5+2) /V* + (185+5)jV c -12/(J+l)+35(5+5)-3 

J 2V3(Af c + l)(AT c +3) 2V^(JV c + l)(JV c +3) 

2 8j- 2 10j yf^/ ^(jv^f^+s) ~\fl\f 



Afc(Af c -l)(JV c +5) 

2o_2i 3(iV e -l) 3(iV e -l) 

J J 2\/lV7(iV c +3) 2v r N7(iV c +3) 

Table 5.10: Matrix elements of t$ and Tg as a function of N c , the isospin / and the strangeness 5. The off-diagonal matrix elements have 
(S = -1,1 = 1) or (5 = -2,1 = 1/2) for 2 8j - 2 10j and (5 = 0,/ = 0) for 2 8j - 2 lj [62]. 
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The spectrum of non-strange and strange baryons (Nf = 3) 

Comparing Table 15.51 with our previous results for non-strange baryons Table 15.11 one can 
see that the addition of strange baryons in the fit has not much changed the values of the 
coefficients c\ and C5 (previously C4). The spin-orbit coefficient C2 had changed sign but in 
absolute value remains small. The resonance -Fos(2100) is mostly responsible for this change. 
But actually the crucial experimental input for the spin-orbit contribution should come from 
A's, as in the case of the [70, 1 _ ] multiplet [83J. Unfortunately data for the two flavor singlets 
with £ 7^ 0, 2 A'[70, 2 + ]5/2 + and 2 A'[70, 2 + ]3/2 + , which are spin-orbit partners are missing 
(see Table 15. lip . If observed, they will help to fix the strength and sign of the spin-orbit 
terms unambiguously inasmuch as O3, O4 and O5 do not contribute to their mass. 

Presently, due to the large uncertainty obtained from the fit of C2, there is still some over- 
lap with the value obtained from non-strange resonances. The coefficient C3 is about twice 
smaller in absolute value now. 

Regarding the SU(3) breaking terms, the coefficient d\ has opposite sign as compared to 
that of Ref. [83] and is about four times larger in absolute value. The coefficient (I2 has the 
same sign and about the same order of magnitude. One can conclude that the SU(3)-flavor 
breaking is roughly similar in the [70, 1~] and the [70, £ + ] multiplets. 

The resonances belonging to the [70, £ + ] together with their calculated masses are pre- 
sented in Table 15.111 The angular momentum coupling allows for 8 octets, with J ranging 
from 7/2 to 1/2, three decuplets with J from 5/2 to 1/2 and three flavor singlets with J = 
5/2, 3/2 or 1/2. Ignoring isospin breaking, there are in all 47 resonances from which 12 are 
fitted and 35 are predictions. The best fit gave Xdof — 1- Among the presently 12 resonances 
only five are new, the strange resonances. This reflects the fact that the experimental situ- 
ation is still rather poor in this energy range. The known resonances are three-, two- and 
one-star. 

For all masses the main contribution comes from the operator 0\. In the context of a 
constituent quark model this corresponds to the contribution of the spin-independent part of 
the Hamiltonian, namely the free mass term plus the kinetic and the confinement energy. A 
difference is that, this contribution is constant for all resonances here, while in quark models 
the mass difference between the strange and the u, d quarks is taken into account explicitly 
in the free mass term. Here this difference is embedded into the flavor breaking terms B^. 

The spin-orbit operator O2 naturally contributes to states with £ 7^ only. The operator 
O3 contributes to states with S = 3/2 only. For S = 1/2 states it gives no contribution 
either due to the cancellation of a 6-j coefficient or when the wave function has S c = 0, as for 
example for flavor singlet states. 

We have analyzed the role of the operator O4 described in Appendix [Dj This is an oper- 
ator of order N®, like O2, O3 and Oq. As in Refs. [9] and [83], the combination O2 + O4 is of 
order 1/N C for octets and decuplets, but this is no longer valid for flavor singlets. It means 
that the operators O2 and O4 are independent in SU(3) and both have to be included in the 
fit. However, the inclusion of O4 considerably deteriorated the fit, by abnormally increasing 
the spin-orbit contribution with one order of magnitude. Therefore the contribution of O4 



76 



Excited baryons in large N c QCD, the decoupling picture 



can not be constrained with the present data and we have to wait until more data will be 
available, especially on strange resonances. 

To estimate the role of the isospin-isospin operator Oq we have made a fit without the 
contribution of this operator. This fit gave Xdof — 0-9 an< ^ aDou t the same values for q and di 
as that with Oq included. This means that the presence of Oq is not essential at the present 
stage. 

The fitted value of the iV(1990)-Fi7 resonance slightly deteriorates with respect to the 
SU(4) case. The reason is the negative contribution of the spin-orbit term. Further analysis, 
based on more data, is needed in the future, to clarify the change of sign in the spin-orbit term. 

Of special interest is the fact that the resonance A(1810)Poi gives the best fit when inter- 
preted as a flavor singlet. Such an interpretation is in agreement with that of Refs. [301 [68] 
where the baryon spectra were derived from a spin-flavor hyperfine interaction, rooted in 
pseudo-scalar meson (Goldstone boson) exchange. Thus the spin-flavor symmetry is common 
to both calculations. Moreover, the dynamical origin of the operator O3, which does not 
directly contribute to A(1810)Poi ; but plays an important role in the total fit, is thought to 
be related to pseudo-scalar meson exchange [9]. Hopefully, this study may help in shedding 
some light on the QCD dynamics hidden in the coefficients q. 

In conclusions we have found that the SU(3) breaking corrections are comparable in size 
with the 1/N C corrections, as for the [70, 1 _ ] multiplet [83] which successfully explained the 
A(1520) - A(1405) splitting. 

The analysis of the [70, £ + ] remains an open problem. It depends on future experimental 
data which may help to clarify the role of various terms contributing to the mass operator 
and in particular of O2 and O4 of Table 15. 51 The present approach provides the theoretical 
framework to pursue this study. 



5.5 The strange [56, 4 + ] baryon multiplet 

In this Section we explore the applicability of the 1/N C expansion to the [56, 4+] multiplet 
(N = 4 band). The number of experimentally known resonances in the 2-3 GeV region |93| . 
expected to belong to this multiplet is quite restricted. Among the five possible candidates 
there are two four-star resonances, A/"(2220)9/2 + and A(2420)ll/2 + , one three-star resonance 
A(2350)9/2 + , one two-star resonance A(2300)9/2 + and one one-star resonance A(2390)7/2 + . 
This is an exploratory study which will allow us to make some predictions, as shown in Sec. 
15.6} regarding members of multiplets of fixed J or regarding the behaviour of Cj at high ex- 
citation energy. 

In constituent quark models the N = 4 band has been studied so far either in a large 
harmonic oscillator basis [7] or in a variational basis [SU] . We shall show that the present ap- 
proach reinforces the conclusion that the spin-orbit contribution to the hyperfine interaction 
can safely be neglected in constituent quark model calculations. 
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Part. 


contrib. 


(MeV) 






Total (MeV) 


Exp. (MeV) 


Name, status 




ciOi 


C2O2 


C3O3 


C5O5 




diB t 


d 2 B 2 








4 iV[70, 2 + ] Tj 


1667 


-29 


16 


211 


7 








1872 ± 46 


2016 ± 104 


F 17 (1990)** 


4 A[70, 2+] | 















254 


2125 ± 72 


2094 ± 78 


F 07 (2020)* 


4 E[70, 2+)| 












-211 


85 


1745 ± 95 






4 H[70,2+]f 












-105 


423 


2189 ± 81 






2 iV[70, 2+] £ 


1667 


-10 





42 


3 








1703 ± 29 






2 A[70, 2+]| 












-105 


169 


1766 ± 26 






2 E[70, 2+]| 












-105 


169 


1766 ± 26 






2 H[70,2+]| 












-211 


338 


1830 ± 58 






4 JV[70, 2+] j 


1667 


5 


-39 


211 


7 








1850 ± 44 


1981 ± 200 


Fi 5 (2000)** 


4 A[70, 2+]| 















254 


2104 ± 39 


2112 ± 40 


F 05 (2110)*** 


4 E[70, 2+]| 












-211 


85 


1724 ± 111 






4 H[70,2+]| 












-105 


423 


2167 ± 54 






4 JV[70, 0+] | 


1667 








211 


7 








1885 ± 17 


1879 ± 17 


Pl 3 (1900)** 


4 A[70,0+]§ 















254 


2138 ± 42 






4 E[70, 0+]| 












-211 


85 


1758 ± 100 






4 H[70,0+]f 












-105 


423 


2202 ± 56 






2 iV[70, 2+] | 


1667 


14 





42 


3 








1727 ± 31 






2 A[70, 2+]| 












-105 


169 


1790 ± 29 






2 E[70, 2+]| 












-105 


169 


1790 ± 29 






2 H[70,2+]| 












-211 


338 


1854 ± 59 






4 iV[70, 2+] | 


1667 


2!) 





211 


7 








1914 ± 33 






4 A[70,2+]| 















254 


2167 ± 41 






4 E[70,2+]§ 












-211 


85 


1787 ± 103 






4 H[70,2+]| 












-105 


423 


2231 ± 56 






2 iV[70, 0+] i 


1667 








42 


3 








1712 ± 27 


1710 ± 30 


Pn (1710)*** 


2 A[70,0+] i 












-105 


169 


1776 ± 24 






2 E[70,0+]i 












-105 


169 


1776 ± 24 


1760 ± 27 


Pn(1770)* 


2 H[7O,0+]l 












-211 


338 


1839 ± 57 






4 JV[70, 2+]i 


1667 


43 


55 


211 


7 








1983 ± 26 


1986 ± 26 


Pn(2100)* 


4 A[70, 2+]i 















254 


2237 ± 57 






4 E[70, 2+]l 












-211 


85 


1857 ± 90 






4 S[70,2+]i 












-105 


423 


2301 ± 08 






2 A[70, 2+]| 


1667 


10 





84 


-6 








1756 ± 32 


1976 ± 237 


F 35 (2000)** 


2 E'[70, 2+]| 












-105 


l(i!) 


1819 ± 46 






2 3'[70, 2+]| 












-211 


338 


1883 ± 77 






2 f![70,2+]f 












-316 


507 


1946 ± 113 






A[70, 2 + ] ^ 


1667 


-14 





84 


-6 








1731 ± 35 






2 E'[70,2+]| 












-105 


Hi!) 


1795 ± 48 






2 S'[70, 2+]| 












-211 


338 


1859 ± 78 






2 f2[70, 2+j| 












-316 


507 


1922 ± 113 






2 A[70,0+] i 


1667 








84 


-6 








1746 ± 31 


1744 ± 36 


P 31 (1750)* 


2 r' fTn a - ! - 1 1 
Z-i [7U, U ] ^ 












-105 


169 


lolO ± 40 


l»yb ± 95 


PutlSSO)"" 


2 2'[7O,0+] i 












211 


338 


1873 ± 77 






2 fi[70, 0+]i 












316 


507 


1937 ± 112 






2 A'[70,2+]f 


1667 


-29 








11 


-105 


169 


1713 ± 51 






2 A'[70,2+]f 


1667 


43 








11 


-105 


169 


1785 ± 62 






2 A'[7O,0+]i 


1667 











11 


-105 


169 


1742 ± 40 


1791 ± 64 


Pol (1810)*** 



Table 5.11: The partial contribution and the total mass (MeV) predicted by the 1/N C expan- 
sion [62]. The last two columns give the empirically known masses |93j . 
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5.5.1 The wave functions 

The N = 4 band contains 17 multiplets having symmetries (56), (70) or (20) and angular 
momenta ranging from to 4 [89J. Among them, the [56, 4 + ] multiplet has a rather simple 
structure. It is symmetric both in SU(6) and 0(3), where 0(3) is the group of spatial rotation. 
Together with the color part which is always antisymmetric, it gives a totally antisymmetric 
wave function. In our study of the [56, 4 + ] multiplet, we have to couple the symmetric orbital 
part |4m^) with t = 4 to a symmetric spin-flavor wave function. Following Eq. (|5.8p we have 

\AS;JJ 3 ;(X fJ ,)YII 3 ;)=J2(^ e g 3 j)\SS 3 )\(^)YII 3 )\Am e ), (5.34) 

m e ,S3 

where S, S 3 are the spin and its projection, (Xfi) labels an SU(3) representation (here 8 and 
10), Y, I, I 3 stand for the hypercharge, isospin and its projection and J, J z for the total angu- 
lar momentum and its projection. Expressing the states (|5.34|) in the usual notation 2S+1 dj, 

they are as follows: two SU(3) octets 2 8t, 2 8e> and four decuplets 4 10s, 4 10t, 4 10e>, 4 10n 

22 2222 

(see Table EH]). 

In the following, we need the explicit form of the wave functions. They depend on J z 
but the matrix elements of the operators that we shall calculate in the next sections do not 
depend on J z due to the Wigner-Eckart theorem. So, choosing J z = |, we have for the octet 
states 

| 2 8[56,4+]| + |) = yA^ 1 ( x P0P + ^^)-y|^o(x^ p + X^ A ), (5.35) 

|2~r_„ ,^t9^1 v / 2 , Q / n , „ ,x\ / 5 



8[56,4+]~ -) = y-^^^ + x^^j + ^-^o^x^ + X^j, (5-36) 
and for the decuplet states 

I 4 10[56,4+]- -> = l^-^^^-^^^^S^ 

I 4 10[56,4 + ]fi> = (^XH+^&Xj-i-TI^-yi^-xXI,)^ (5-39) 
I 4 10[56,4+]H + 1) = ^^,X i _ S + ^f 1 X i _i+y5^X i i+^^- 1 X H J^. (5-40) 

with (f> x , (f> p , 4> s and x given in Appendix D. The orbital wave functions ipf m are defined in 
the same way as the ones belonging to the N = 2 band. The explicit form in term of Jacobi 
coordinates are not necessary for the calculations of this Section. One can found then in 
Table 2 of Ref. [89]. 



5.5.2 The mass operator 

The study of the [56, 4 + ] multiplet is similar to that of [56, 2 + ] as analyzed in Ref. [33], 
where the mass spectrum is studied in the 1/N C expansion up to and including 0(1/N C ) 
effects. As already discussed, the mass operator must be rotationally invariant, parity and 
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time reversal even. The isospin breaking is neglected. The SU(3) symmetry breaking is 
implemented to 0(e), where e ~ 0.3 gives a measure of this breaking (see Section f3.6j) . As the 
[56, 4 + ] baryons are described by a symmetric representation of SU(6), it is not necessary to 
distinguish between excited and core quarks for the construction of a basis of mass operators, 
as explained in Ref. [33] and in Section T5.3I Then the mass operator of the [56, 4 + ] multiplet 
has the following structure 

^"[56,4+] = Yl ° i0i + Yl diBi > ( 5 - 41 ) 

i i 

given in terms of the linearly independent operators Oi and B{. Here Oi (i = 1,2,3) are 
rotational invariants and SU(3)-flavor singlets [32], B\ is the strangeness quark number op- 
erator with negative sign, and the operators Bi [i = 2, 3) are also rotational invariants but 
contain the SU(6) flavor-spin generators as well. The operators Bi [i = 1,2,3) provide 
SU(3) breaking and are defined to have vanishing matrix elements for non-strange baryons 
(see Table I57T4"]) . The relation (|5.4ip contains the effective coefficients q and bi as parameters. 
The above operators and the values of the corresponding coefficients obtained from fitting 
the experimentally known masses (see Section [5.5. 5h are given in Table l5~T2l 



Operator Fitted coef. (MeV) 



Oi = N c l 


Cl = 


736 


± 


30 


O2 = jf^liSi 


C2 = 


1 


± 


10 


O3 = j^SiSi 


c 4 = 


135 


± 


90 


B! = -S 


di = 


110 


± 


67 



B2 = i^&iGis - ^7jC>2 

Table 5.12: Operators of Eq. (|5.4ip and coefficients resulting from the fit with Xd Q f — 0.26 
[56]. 



Oi 



2 



o 3 



37/2 



s 9/2 



'10 



5/2 



»10 



'10 



7/2 
9/2 



'1011/2 



N c 

Nr 

N c 
N c 
N c 



2 

Nc 

15 

2N C 

4 

]V C 
1 

2N C 

6 
N,. 



3 
4iV c 

3 
4iV c 

15 
4JV C 

15 
4AT C 

15 
4iV c 

15 

4A r r 



Table 5.13: Matrix elements of SU(3) singlet operators |56j . 
The matrix elements of Oi, O2 and O3 are trivial to calculate. They are given in Table 
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15. 131 for the octet and the decuplet states belonging to the [56, 4 + ] multiplet. The B\ matrix 
elements are also trivial. To calculate the 7?2 matrix elements we use the expression 

G i8 = G i8 = ^(S i -3S i s ), (5.42) 

where S l and SI are the components of the total spin and of the total strange-quark spin 
respectively [46j£|. Using (|5.42[) we rewrite the expression of 7>2 as 



V3 r 

a 2 = - 

with the decomposition 



B 2 = -^-l ■ S s (5.43) 



T- S s = l S s0 + i {l+S s „ + l-S s+ ) , (5.44) 

which we apply on the wave functions (|5.35p ~ (l5.40p in order to obtain the diagonal and 
off-diagonal matrix elements. For B3, one can use the following relation (see Eq. (|4~ 



SiG 



is 



4^/3 



3/(7 + 1) - S(S + 1) - ^n s (n s + 2) 



(5.45) 



Here 7 is the isospin, S is the total spin and n s the number of strange quarks. Both the 
diagonal and off-diagonal matrix elements of 7?j are exhibited in Table 15.141 Note that only 
7?2 has non- vanishing off-diagonal matrix elements. Their role is very important in the state 
mixing, as discussed in the next section. We found that the diagonal matrix elements of O2, 
O3, 7>2 and B3 of strange baryons satisfy the following relation 

frS- ^ 

for any state, irrespective of the value of J in both the octet and the decuplet. This can 
be used as a check of the analytic expressions in Table 15.141 Such a relation also holds for 
the multiplet [56,2+] studied in Ref. [33] and might possibly be a feature of all [56, £ + ] 
multiplets. In spite of the relation (|5.46p which holds for the diagonal matrix elements, the 
operators Oj and 7?j are linearly independent, as it can be easily proved. As an immediate 
proof, the off-diagonal matrix elements of B2 are entirely different from those of B3. 



5.5.3 State mixing 

As mentioned above, only the operator B2 has non-vanishing off-diagonal matrix elements, 
so 7?2 is the only one which induces mixing between the octet and decuplet states of [56, 4 + ] 
with the same quantum numbers, as a consequence of the SU(3)-flavor breaking. Thus this 
mixing affects the octet and the decuplet S and H states. As there are four off-diagonal 
matrix elements (Table I5.14|) . there are also four mixing angles, namely, #j and 9j, each 
with J = 7/2 and 9/2. In terms of these mixing angles, the physical Sj and Sj states are 
defined by the following basis states 

|Sj) = |4 8) >cos^ + |4 10) >sin^, (5.47) 
= -|E^ 8) )sin^ + |sJ 0) )cos^, (5.48) 



This equation is equivalent to Eq. (|4.37[l . 
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t> 
t>l 




£>3 


Nj 











A , 


1 


V3 aj 
2N C 


3-^3 
8JV C 


y T 
-'■J 


1 

1 


\/3 a j 
6JV C 


V3 
8N C 


— '.7 


2 


2^3 <ij 
3JV C 


V3 
2N C 


A 7 





o 


o 


v 


1 


V3 bj 
2N C 


5v^ 
8iV c 


— .7 


2 


bj 
N c 


5\/3 
4JV C 


S 2 ./ 


3 


3^3 bj 
2N C 


15\/3 
gjy 


^7/2 ^7/2 





2VSN C 





y8 V 10 
^9/2 ^9/2 





VTi 

V3N C 





=8 =10 

"7/2 "7/2 





\/35 
2VSN C 





=8 clO 

"9/2 "9/2 





VTT 

V3N C 






Table 5.14: Matrix elements of SU(3) breaking operators, with aj = 5/2, —2 for J = 7/2, 9/2 
respectively and b j = 5/2,4/3,-1/6,-2 for J = 5/2,7/2,9/2,11/2, respectively [56]. 



and similar relations hold for 3. The masses of the physical states become 

M(Sj) = M(4 8) ) + ^ 2 (s! ? 8) | J B 2 |4 10) >tan^, (5.49) 
M(S' J ) = M(S^ 0) ) -d 2 (S®|S 2 |s5/ 0) )tan^, (5.50) 

where M(Sj ^) and M(Sj 10 ' ) ) are the diagonal matrix of the mass operator (|5.4ip . here equal 
to c\0\ + c 2 2 + C3O3 + dxBx, for E states and similarly for 3 states (see Table 15.160 . If 
replaced in the mass operator (|5.41 j) . the relations (|5.49p and (15.501) and their counterparts for 
3, introduce four new parameters which should be included in the fit. Actually the procedure 
of Ref. [33] was simplified to fit the coefficients q and 6j directly to the physical masses and 
then to calculate the mixing angle from 

9j = - arcsin 2 \/L, \ ■ (5.51) 

J 2 I M(Sj) - M(S' J ) J K ' 

for Tij states and analogously for 3 states. 

Due to the scarcity of data in the 2-3 GeV mass region, even such a simplified procedure 
is not possible at present in the [56, 4 + ] multiplet. 

5.5.4 Mass relations 

In the isospin symmetric limit, there are twenty- four independent masses, as presented in the 
first column of Table 15.161 Our operator basis contains six operators, so there are eighteen 
mass relations that hold irrespective of the values of the coefficients q and <ij. These relations 
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can be easily checked from the definition (I5.4ip and are presented in Table I5TT51 

One can identify the Gell-Mann-Okubo (GMO) mass formula for each octet (two such 
relations) and the equal spacing relations (EQS) for each decuplet (eight such relations). 
There are eight relations left, that involve states belonging to different SU(3) multiplets as 
well as to different values of J. Presently one can not test the accuracy of these relations 
due to lack of data. But they may be used in making some predictions. The theoretical 
masses satisfy the Gell-Mann-Okubo mass formula for octets and the Equal Spacing Rule 
for decuplets, providing another useful test of the 1/N C expansion. 



(1) 


9(A 7/2 - A 5/2 ) = 


= 7(Af 9/2 - 


-JV7/2) 


(2) 


9(A 9/2 - A 5/2 ) = 


= 16(^9/2 


- N 7/2 ) 


(3) 


9(A 11/2 - A 9/2 ) = 


= 11(^9/2 


- N 7/2 ) 


(4) 


8(A 7 /2 - N 7/2 ) + 14(7V 9/2 - A 9/2 ) = 


= 3(A 9/2 - 


■ S 9/2) + 6(A n / 2 - En/2) 


(5) 


^9/2 - ^7/2 + 3(Eg/ 2 - S7/2) = 


= 4(7V 9/2 - 


- N 7/2 ) 


(6) 


^-9/2 — ^-7/2 + ^9/2 — E 7 / 2 = 


= 2 ( S 9/2- 


' S 7/2) 


(7) 


11 E' 7/2 + 9 £ 11/2 = 


= 20E 9/2 




(8) 


20 S5/2 + 7 En/a 


= 27S 7/2 




(GMO) 


2(N + S) = 


= 3 A + S 




(EQS) 


£ - A = 




n - 3 



Table 5.15: The 18 independent mass relations including the GMO relations for the octets 
and the EQS relations for the decuplets [56] . 



5.5.5 Fit and discussion 

The fit of the masses derived from Eq. (|5.4ip and the available empirical values used in 
the fit, together with the corresponding resonance status in the Particle Data Group [93] 
are listed in Table 15.161 The values of the coefficients Cj and b\ obtained from the fit are 
presented in Table 15.121 as already mentioned. For the four and three-star resonances we 
used the empirical masses given in the summary table. For the others, namely the one-star 
resonance A (2390) and the two-star resonance A (2300) we adopted the following procedure. 
We considered as "experimental" mass the average of all masses quoted in the full listings. 
The experimental error to the mass was defined, as the quadrature of two uncorrelated er- 
rors, one being the average error obtained from the same references in the full listings and 
the other was the difference between the average mass relative to the farthest off observed 
mass, like for the [70, £ + ] multiplets. The masses and errors thus obtained are indicated in 
the before last column of Table 15.161 

Due to the lack of experimental data in the strange sector it was not possible to include 
all the operators Bi in the fit in order to obtain some reliable predictions. As the breaking 
of SU(3) is dominated by B\ we included only this operator in Eq. (|5.41|) and neglected the 
contribution of the operators B2 and B%. At a later stage, when more data will hopefully be 
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1/JV C expansion results 








Partial contribution (MeV) 


Total (MeV) 


Empirical 


Name, status 




C1O1 C2O2 C3O3 


d\Bi 




(MeV) 






2209 -3 34 





2240 ± 97 






A 7 / 2 




110 


2350 ± 118 






S 7/2 




110 


2350 ± 118 






"7/2 




220 


2460 ± 166 






^9/2 


2209 2 34 





2245 ± 95 


2245 ± 65 


N(2220)**** 


A 9/2 




110 


2355 ± 116 


2355 ± 15 


A(2350)*** 


S 9/2 




110 


2355 ± 116 






=9/2 




220 


2465 ± 164 






A 5 /2 


2209 -9 168 





2368 ± 175 






5/2 




110 


2478 ± 187 






"5/2 




220 


2588 ± 220 






^5/2 




330 


2698 ± 266 






A7/2 


2209 -5 168 





2372 ± 153 


2387 ± 88 


A(2390)* 


^7/2 




110 


2482 ± 167 






"7/2 




220 


2592 ± 203 






^7/2 




330 


2702 ± 252 






A9/2 


2209 1 168 





2378 ± 144 


2318 ± 132 


A(2300)** 


^9/2 




110 


2488 ± 159 






"9/2 




220 


2598 ± 197 










330 


2708 ± 247 






^11/2 


2209 7 168 





2385 ± 164 


2400 ± 100 


A(2420)**** 


E ll/2 




110 


2495 ± 177 






"11/2 




220 


2605 ± 212 






^11/2 




330 


2715 ± 260 







Table 5.16: The partial contribution and the total mass (MeV) predicted by the 1/N C expan- 
sion as compared with the empirically known masses |56| . 



available, all analytical work performed here could be used to improve the fit. That is why 
Table l5"7T2l contains results for q (i = 1, 2 and 3) and d\ only. The Xdof °f ^ 1S 0.26, 
where the number of degrees of freedom (dof) is equal to one (five data and four coefficients). 

The first column of Table 15.161 contains the 56 states (each state having a 21 + 1 mul- 
tiplicity from assuming an exact SU(2)-isospin symmetry) [j. The columns two to five show 
the partial contribution of each operator included in the fit, multiplied by the corresponding 

6 Note that the notation Ej, Sj is consistent with the relations (|5.49|l . ()5.50[) inasmuch as the contribution 
of B2 is neglected (same remark for aj, Hj and corresponding relations). 
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coefficient Cj or d\. The column six gives the total mass according to Eq. (I5.4ip , The errors 
shown in the predictions result from the errors on the coefficients q and d\ given in Table 
15.121 As there are only five experimental data available, nineteen of these masses are predic- 
tions. The breaking of SU(3)-flavor due to the operator B\ is 110 MeV as compared to 200 
MeV produced in the [56, 2 + ] multiplet [33J. 

The main question is, of course, how reliable is this fit. The answer can be summarized 
as follows: 

• The main part of the mass is provided by the spin-flavor singlet operator 0\ , which is 
0(N C ). 

• The spin-orbit contribution given by C2O2 is small. This fact reinforces the practice 
used in constituent quark models where the spin-orbit contribution is usually neglected. 
Our result is consistent with the expectation that the spin-orbit term vanishes at large 
excitation energies [3T] . 

• The breaking of the SU(6) symmetry keeping the flavor symmetry exact is mainly due 
to the spin-spin operator O3. This hyperfine interaction produces a splitting between 
octet and decuplet states of approximately 130 MeV which is smaller than that obtained 
in the [56,2+] case [33], which gives 240 MeV. 

• The contribution of B\ per unit of strangeness, 110 MeV, is also smaller here than in 
the [56, 2 + ] multiplet [33J, where it takes a value of about 200 MeV. That may be quite 
natural, as one expects a shrinking of the spectrum with the excitation energy. 

• As it was not possible to include the contribution of B2 and B3 in our fit, a degeneracy 
appears between A and S. 

In conclusion we have studied the spectrum of highly excited resonances in the 2-3 GeV 
mass region by describing them as belonging to the [56, 4 + ] multiplet. This is the first study 
of such excited states based on the 1/N C expansion of QCD. A better description should 
include multiplet mixing, following the lines developed, for example, in Ref. [34j . 

We support previous assertions that better experimental values for highly excited non- 
strange baryons as well as more data for the X* and H* baryons are needed in order to 
understand the role of the operator B2 within a multiplet and for the octet-decuplet mixing. 
With better data the analytic work performed here will help to make reliable predictions in 
the large N c limit formalism. 

5.6 The spin dependence of the mass operator coefficients 
with the excitation energy 

The properties of low energy hadrons are interpreted to be a consequence of the spontaneous 
breaking of chiral symmetry |30(. I53| . For highly excited hadrons, as the ones considered here, 
there are phenomenological arguments to believe that the chiral symmetry is restored. This 
would imply a weakening (up to a cancellation) of the spin-orbit and tensor interactions [31] . 
Then the main contribution to the hyperfine interaction remains the spin-spin term. 
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Indeed we have seen that for all resonances, the spin-spin contribution is dominant, like 
in constituent quark model studies. Thus the 1/N C expansion can provide a deeper under- 
standing of the successes of the quark models. 

It is interesting to see the evolution of some dynamical coefficients with the excitation 
energy. c\ refers to the first order operator N c l, C2 to the spin-orbit term and C4 to the 
spin-spin interaction^- 

In Figure 15.11 the presently known values of c\ , C2 and C4 with error bars are represented 
for the excited bands studied within the large N c expansion: N = 1 is from Ref. [83], N = 2 
from Ref. [33] and from the present work, N = 4 from Ref. [56J. Extrapolation to higher 
energies, N > 4, suggests that the contribution of the spin dependent operators would vanish, 
while the linear term in N c , which in a quark model picture would contain the free mass term, 
the kinetic and the confinement energy, would carry the entire excitation. Such a behaviour 
gives a deeper insight into the large N c mass operator and is consistent with the intuitive 
picture developed in Ref. [3.1] where at high energies the spin dependent interactions vanish 
as a consequence of the chiral symmetry restoration. 



7 The denomination of the coefficients a changes from one multiplet to another. Here, we use the one 
presented in Section 15.4. f I because the Figure 15.11 was originally discussed in Ref. [57] . 
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ci (MeV) 



c 2 (MeV) 




400 






350 






300 


i 


■ 




250 






Ci (MeV) 200 








150 






■ 


100 








50 
















2 3 4 

N 



Figure 5.1: The coefficients q vs. N from various sources: N = 1 from Ref. [Ho], for N = 2 
from Ref. [33] (lower values) and Ref. [57] and for N = 4 from [56] . The straight lines are to 
guide the eye. This figure suggests that the absolute value of C2 and C4 tend to zero when N 
increase. Of course the coefficients C2 and C4 does not tend to —00 when TV" increase. 



Chapter 6 

New look at the [70, 1~] multiplet 



6.1 Introduction 

The decoupling picture presented in Chapter 5 describes the wave function of baryons be- 
longing to mixed-symmetric multiplets as a symmetric core coupled to an excited quark. But 
as explained in Section 15.21 this approach implies a truncation of the available basis vector 
space (see Eq. (|5.7|) ). An important consequence of this approximation is the breaking to 
first order of SU(2iVj) symmetry for mixed-symmetric orbital wave functions (see Eq. (I5.27|) ). 
This breaking to first order is an artifact of the decoupling picture as we shall see below. 

Another consequence of the decoupling picture is that the number of independent oper- 
ators appearing in the 1/N C expansion of the mass operator for mixed-symmetry multiplets 
increases tremendously and the number of coefficients to be determined by a fit to experi- 
mental data becomes larger or much larger than the number of data. For example, for the 
[70, 1~] multiplet with Nf = 2 one has 12 linearly independent operators up to order 1/N C 
included [9], instead of 6 (see below) when the splitting is not performed. We recall that 
there are only 7 non-strange resonances belonging to this band. Consequently, in selecting 
the most dominant operators one has to make an arbitrary choice [9] (see Section 15.4.21 for 
an explicit example of the [70, £ + ] multiplets). 

In this chapter, we propose a method to treat the [70, l - ] multiplet where the decoupling 
of the system into a symmetric core and an excited quark is unnecessary. All one needs to 
know are the matrix elements of the SU(2Afy) generators between mixed-symmetric states 
[N c — 1, 1]. For Nf = 2 these are provided by the work of Hecht and Pang performed in the 
sixtieths in the context of nuclear physics where the SU(4) symmetry is very important |4Uj . 
To our knowledge such matrix elements are yet unknown for Nf = 3. Thus this analysis of 
the [70, 1 _ ] multiplet deals with non-strange baryon resonances only. 

This chapter is divided into two parts. In the first part we shall show that when we 
consider the baryon wave function (|5.4p for the [70, 1 _ ] multiplet and not the approximate 
form symbolized by Young tableaux in Eq. (15.7|) . the SU(2A r j) symmetry is not broken to first 
order but to order 1/N C , like for symmetric multiplets. In the second part we will illustrate 
this new approach with the study of the non-strange [70, 1 _ ] baryon multiplet. The results 
presented here can be found in Ref. [62J. A summary of the 1/N C expansion method for 
excited baryons in the decoupling and the new picture presented here can be found in Ref. 
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6.2 The wave function of [70, 1 ] excited states 

As presented in Table [276^ the baryons belonging to the [70, 1~] multiplet are composed of 
N c — 1 ground-state quarks and of one excited quark which give the configuration (0s) Nc ~ 1 (0p). 
The orbital part must have a mixed-symmetry denoted by the partition [N c — 1,1]. The spin- 
flavor part must have the same symmetry in order to obtain a totally symmetric state in the 
orbital-spin-flavor space. 



For the configuration (0s) Nc ~ l (0p) the basis vectors forming the invariant subspace of the 
mixed-symmetric [N c —1, 1] irrep of the permutation group Sjv c can be illustrated by the Weyl 
tableau represented in Figure [67TT The dimension of this irrep is N c — 1. The basis vectors 
of this irrep can be described, for example, by the generalized Jacobi coordinates Eq. (I2,33|) . 
given in Chapter 2. Table [6TT1 shows an example for N c = 5 where the four independent basis 
vectors are written explicitly in terms of single particle states s and p. The corresponding 
Young tableaux are also indicated. Note that in writing the content in s and p states the 
order is always the normal order 1, 2, 3, 4, 5. Then one can see that the excited quark can be 
the 5-th quark only for the normal Young tableau shown in the first row of Table 16. 1\ but 
never for the other three basis vectors shown in the subsequent. 



iVc-l 





s 


s 


V 





... 



Figure 6.1: Weyl tableau symbolizing the irreducible representation [N c — 1,1] of the group 
SV C for the configuration (0s) Nc ~ l (0p). The dimension of this irrep is N c — 1. 



Young tableau 



Young- Yamanouchi basis vectors of [41] 



H 


2 


CO 


4 


5 




H 


2 


3 


5 


4 




H 


2 


4 


5 


co 




H 


3 


4 


5 


2 





h= (Assssp — sssps — sspss — spsss — pssss) 



h= (Ssssps — sspss — spsss — pssss) 



(2sspss — spsss — pssss) 



^= (spsss — pssss) 



Table 6.1: Young tableaux and the corresponding basis vectors of the irrep [41] of S5 for the 
configuration (0s) 4 (0p) [85] , 
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For N c quarks the generalization of the first row of Table 16.11 is 

/ JVc-l N c -2 N c -3 iVc-1 



1 



(N c — 1) sss . . . sp — sss . . . sps — sss . . . spss — ■ ■ ■ — p sss . . . s \ . (6.1) 



^/N C (N C - 1) 

This is the only basis vector taken into account in the decoupling picture, Eq. (j5.6j) . However, 
in order to obtain a symmetric orbital-spin-flavor state one has to consider all possibilities 
presented in Eq. (15.41) . If one does so the matrix elements of operators applied on the wave 
function (|5.6p are identical for all Y's, due to Weyl's duality between a linear group and a 
symmetric group in a given tensor space. The duality holds provided both the Lie and the 
permutation group are exact symmetries [85]. Thus there is no need to specify Y. Then the 
explicit form of a wave function of a total angular momentum J = £ + S and an isospin I 
can be written as 

\eSIh; JJ 3 ) = ( m e s 3 J 3 ) l[Nc ~ h W^UJVc - 1, l]lmt). (6.2) 

m e ,S3 

In the following there will be no need to specify the symmetry of the orbital part \£mi). 



6.3 Order of the spin-orbit operator 

As we have seen in Chapter 5, the decoupling picture predicts that the SU(2Nf) symmetry 
is broken to first order by the operator £{N C ) ■ s(N c ) acting on the iV c -th quark. Indeed, as 
(£(N C ) ■ s(N c )) is only when it acts on the first term of the orbital wave function (|6.ip . 

the operator is of order \J N $ J rl ~ 1- 

But let us consider the total wave function (|5.4j) and accordingly take into account the 
global factor 1 / ^N c - 1 appearing in it. This factor is missing in the approximate form 
(15. 6p . By taking it into account one finds immediately that the one-body spin-orbit operator 
£(N C ) ■ s(N c ) acting on the iV c -th quark is of order 0(1/N C ). One can easily verify that the 
same result holds for symmetric multiplets. Thus 

{V\e(N c ) ■ s{N c )\y) = 

where one can notice the difference with Eq. (|5.27p . Therefore, when the antisymmetrization 
is properly taken into account the matrix elements of the one-body spin-orbit operator is of 
order 1/N C both for symmetric and mixed-symmetric multiplets. 

However, in Ref. [9] the one-body spin-orbit £-s has the order 0{N®). It is a consequence 
of the wave function given by Eq. (3.4) of that work, where the coefficient c Pi?? are isoscalar 
factors of the permutation group [57]. Their expressions (3.5) indicate, as explained in Section 
15.3.21 that the iV c -th quark is located in the second row of the Young tableau describing the 
spin-flavor part of the wave function, which allows the decoupling into a symmetric core and 
a single quark in the spin-flavor space. However the position of the iV c -th quark is out of 
control in the wave function (3.4) of Ref. [S]. If the position of the iV c -th quark was specified 
the orbital part \£mi) would have carried the label N c , for example Y™(xn c ). But this is not 



with * = $ s (Eq. 

with * = $' s (Eq. ([53]) ) 



(6.3) 
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the case. For this reason all N c quarks can contribute to the one-body spin-orbit operator 
i ■ s, this operator acting on every quark in the wave function. The whole contribution is 
equivalent with summing over all N c quarks 

N c 

E WW • *(*)l*> = N C (*\£{N C ) ■ s(N c )\V). (6.4) 
i=i 

That is why the one-body part of the spin-orbit operator is of order 0(1). By doing explicit 
calculations for iV c = 3 one can prove that matrix elements of the one-body operator £ ■ s 
used by Carlson et al. [9j corresponds to J2f=i(^\^U) sl U)\^) provided \I> is properly sym- 
metrized (see Appendix E). 

One can notice that Eq. (|6.4jl is valid for any symmetry of the orbital and the spin- 
flavor part of the wave function, i.e. can be identified either with $5, Eq. (15. 2p or <&' s , Eq. 
(|5.4|) . Then this operator must be of order N® for symmetric and mixed-symmetric multiplets. 

One can now introduce a pure two-body operator £{%) ■ s(j), i 7^ j. The matrix elements 
of this operator are of course of order 1/N C . As above, this operator acts on whole the 
orbital-spin-flavor baryon wave function. In that case, one has 

N c N c 

E (Wii) ■ = N C (N C - 1) W(JV C ) • s(Nc - 1)1*), (6.5) 

i=l j^i=\ 

which is of order N c . For N c = 3 (see appendix E) one can show that the matrix elements of 
the operator £ l S l c used in Ref. [9] are equal to those of Yl^=i S^i=i(^ / I^(^) ' 

To end this section, let us consider the total spin-orbit operator I ■ S written as 
{V\£-S\V) = ^{J(J + l)-£{£ + l)-S(S + l)) 

N c N c N c 

= x>$i) • mi*) + E E • s ^')i*>- ( 6 - 6 ) 

i=l i=l j^i=l 

This operator is not a pure two-body operator. However, it was assumed as a two-body 
operator in Ref. [33l [56]. Indeed, as explained above, the one-body part is of order 1 (it 
contributes as in the sum (|6.4p ) but the two-body part is of order N c . Therefore in this 
chapter, we shall consider the spin-orbit operator as a two-body operator. 

This is consistent with the fact that for large N c the order of the spin-orbit operator is 
< 0(N C ). In Chapter 2, we have seen that a two-body operator is < 0(N%). However we 
consider low excitations only. Let us take as for example the case with S = &s £ = 1 and 
J = ^ + 1. One has 

((^ + 1) J 3 ; l^mtS^Ih; (^ + 1) J 3 ) = 

H(§ +i )0H- 2 -T(f-~ 

= ^ ~ 0(N C ), (6.7) 

which is the maximal order of the matrix elements of the spin-orbit operator for low excita- 
tions. 
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6.4 Matrix elements of the SU(4) generators for the [N c — 1, 1] 
spin-flavor irrep 

The matrix elements of the SU(4) generators S l , T a and G ia for a symmetric irrep have been 
presented in Section T4. 61 According to Ref. [40] the matrix elements of every SU(4) generator 
Ei a , Eq. (|4.4ip . between states belonging to the representation [N c — 1, 1] can be expressed 
under the form of a generalized Wigner-Eckart theorem which reads 



{[N c - 1, l]l'l' 3 S'S' 3 \E ia \[N c - 1, l]II 3 SS 3 ) = ^/C[^-M(SU(4)) 



[N c - 1,1] 
SI 



[211] 
S i I a 



[N- 1,1] 
S'l' 



s 
s 3 



5 



s' 
5' 



I 

h 



J 3 



I' 



(6.8) 



where C^ -1 - 1 ! (SU(4)) = [iV c (3iV c + 4)]/8 is the eigenvalue of the SU(4) Casimir operator 
for the representation [N c — 1,1]. The other three factors in (|6.8p are: an isoscalar factor 
of SU(4), a Clebsch-Gordan (CG) coefficient of SU(2)-spin and a CG coefficient of SU(2)- 
isospin. Note that the isoscalar factor carries a lower index p = 1 for consistency with Ref. 
[40] . In general, this index is necessary to distinguish between irreducible representations, 
whenever the multiplicity in the inner product [N c — 1,1] x [211] — > [N c — 1,1] is larger than 
one. In that case, following Ref. [3D], the matrix elements of the SU(4) generators for a 
fixed irreducible representation [/] are defined such as the reduced matrix elements take the 
following values 



([/]||E||[/]) 



^ c .[7V c -i,i]( SU ( 4 )) for p= i 
for p ^ 1 



(6.9) 



Thus the knowledge of the matrix elements of SU(4) generators amounts to the knowledge 
of isoscalar factors. In Ref. [3Q] a variety of isoscalar factors were obtained in an analytic 
form. We need those for [/] = [N c — 1,1]. They are reproduced in Table HT21 in terms of our 
notation and typographical errors corrected. They contain the phase factor introduced in 
Eq. (35) of Ref. [30] . As compared to a symmetric spin-flavor state N c , where I = S always, 
note that for a mixed representation, one has I = S (here 13 isoscalar factors) but also I ^ S 
(here 10 isoscalar factors). The grouping in the table is justified by the observation that the 
isoscalar factors obey the following orthogonality relation 



E 

S1/1S2/2 



[JVc-1,1] [211] 
Sih S2I2 



[N c -1,1] \ / [N c - 1, 1] [211] 

si A s 2 i 2 



[N c ~ 1, 1] 
S'l' 



= Sss'Sir, 
(6.10) 

which can be easily checked. For example, by taking S = S' and 1 = 1' one can find that the 
squares of the first 13 coefficients sum up to one. 



One can now identify the isoscalar factors associated to the generators of SU(4). In Table 
6.21 one has £2/2 = 10 corresponding to Si, S2I2 = 01 to T a and S2/2 = H to Gi a , where 1 
or is the rank of the SU(2)-spin or SU(2)-isospin tensor contained in the generator. 



For completeness also note that the isoscalar factors obey the following symmetry property 



[N c ~ 1, 1] 
hSt 



[211] 
hS 2 



[N 
(S 



1,1] 
1)5 



[N c - 1,1] 
Sih 



[211] 
S2I2 



[N ~ 1, 1] 
5(5-1) 



(6.11) 
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Si h 



S+l 
S + l 
S 

s 
s 

S-l 
S-l 
S+l 

s 

S-l 
S 
S 
S 

S+l 

S 
S 

S-l 
S-l 
S-l 
S 

S-l 

S 

S 



S + l 
S 

S + l 
S 

S-l 
S 

S-l 
S 

S + l 
S 

S-l 

S 

S 

S 

S 

S-l 
S 

S-l 
5-2 
5-1 
5-1 
5 

5-1 



Sol; 



2 + 2 



11 
11 
11 
11 
11 
11 
11 

10 
01 
10 
01 
10 
01 

11 
11 
11 
11 
11 
11 

10 
10 
10 
01 



SI 



55 

55 

55 

55 

55 

55 

55 

55 

55 

55 

55 

55 

55 
55-1 
55-1 
55-1 
55-1 
55-1 
55-1 
55-1 
55-1 
55-1 
55-1 



[JVc-1,1] [211] 
Sih S2I2 



[N c -1,1} 
SI 



5(5+2)(25+3)(jV c -2-25)(jV c +2+25) 
(2S+l)(S+l) 2 JV c (3A r c +4) 



1 / (25+3)(JV c +2+25) 
S+lV (25+l)(37V c +4) 



N C ~(N C +2)S{S+1) 



S(S+l)^/N c (3N c +4) 



J_ / (25-l)(jV c -25) 
SV (2S+l)(3N c +4) 



1_ / (5-l)(5+l)(25-l)(JV c +25)(jV c -25) 
SV (25+1)^(3^+4) 



45(5+1) 
Af c (3JV c +4) 



(25+3)(JV e +2+25)(jV,.-25) 
(2S+l)N c (3N c +4) 



1 N a -2S 
S V 3JV c +4 



J_ / (5-l)(S+l)JV e 
S V 3JV c +4 



JV^+JSf 



S- v /(2S-l)(2S+l)Ar c (3N c +4) 



1_ N a +2S 
SV 3N c +4 



(25-3)(jV c +2-25)(jV c +25) 
(2S~l)N c (3N c +4) 



45(5+1) 
N c (3N c +4) 



4(5-1)5 
Af c (3JV c +4) 



Table 6.2: Isoscalar factors of SU(4) for [N c - 1, 1] x [211] [N c - 1, 1] defined by Eq. (Q9l) . 
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The relations (16. 8p are used to calculate the matrix elements of the operators entering to 
the 1/N C expansion of the mass operator, as described in the following section. 



6.5 The mass operator 

The 1/N C expansion of the mass operator of the [70, 1 _ ] multiplet is given by 

6 

M[ro,i-] =J>0 4 . (6.12) 

i=l 

The operators contained in the mass operator (|6.12|) are shown in Table 16.31 together with 
the values of the dynamical coefficients c, found from the numerical fit described in the next 
section. The building blocks of Oi are now S\ T a , G ia , P and £^ ij . 

Table HOI contains the six possible operators up to order 1/N C . Here the spin-orbit oper- 
ator 02 is a two-body operator and its matrix elements are of order 1/N C , as for the ground 
state and the other symmetric states [56, £] with £ ^ [6'6\ I56| . This is in contrast to the 
[70, l - ] multiplet analyzed in the decoupling procedure where the spin-orbit matrix elements 
are of order 0(1) (see Chapter 5). The spin-spin operator O3 and the isospin-isospin operator 
O4 are also two-body operators. They are linearly independent. However in the decoupling 
procedure the corresponding isospin-isospin operator t a T®/N c has not always been included 
in the analysis [83]. The operators O5 and Oq are three-body operators but, as G ia sums 
coherently, it introduces an extra factor N c (see Section I3.3|) and makes the matrix elements 
of O5 and Oq of order 1/N C as well. 



Operator 




Fit 1 (MeV) 


Fit 2 (MeV) 


Fit 3 (Mev) 


Fit 4 (MeV) 


Fit 5 (MeV) 


Oi =N C 1 


ci = 


481 ± 5 


482 ± 5 


484 ±4 


484 ±4 


498 ± 3 


o 2 = -^es* 


C2 = 


-47 ± 39 


-30 ±34 


-31 ± 20 


8 ±15 


38 ±34 


o 3 = ^s i s* 


C3 = 


161 ± 16 


149 ± 11 


159 ± 16 


149 ± 11 


156 ± 16 


Oi = -j^T a T a 


C4 = 


169 ± 36 


170 ± 36 


138 ± 27 


142 ± 27 






C5 = 


-443 ± 459 




-371 ±456 




-514 ± 458 


O e = ■^ z i i T a G ia 


C6 = 


473 ± 355 


433 ± 353 






-606 ± 273 



0.43 0.68 1.1 0.96 11.5 



Table 6.3: List of operators and the coefficients resulting from the fits [64] . 

The matrix elements of the operator Oi are presented in Table 16.41 They have been 
calculated for all available states of the multiplet [70, 1~] starting from the wave function 
(|6.2p and using the isoscalar factors of Table 16.21 One can see that all diagonal matrix 
elements are of order 1/N C , of course except for 0\. For completeness we also indicate the 
off-diagonal matrix elements. 
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Oi 


o 2 


o 3 


o 4 


o 5 




o 6 


2 iVi 

2 


JVc 


1 

iv c 


3 
4iV c 


3 
4iV c 







iV c -6 
12iV^ 


2 


JVc 


5 
2N a 


15 

4iV c 


3 

4JVc 


5 

24JV C 




5 

24iV c 


2 N 3 

2 


JVc 


1 

2JV C 


3 
4iV c 


3 
4iV c 







AT c -6 
24JV2 


4 7Vs 

2 


IVc 


1 

N c 


15 

4AT C 


3 
4AT C 


1 

6iV c 




1 

12JV C 


4 7V 5 

2 


iV c 


3 

2JV C 


15 
4iV c 


3 
4AT C 


1 

24JV C 




1 

8JV C 


2 


AV 


1 

N c 


3 
4AT C 


15 

4AT C 







5 

12JV C 


2 A 3 

2 


AV 


1 

2JV C 


3 
4iV c 


15 

4AT C 







5 

24JV C 


4 7Vi- 2 7Vi 

2 2 














5 /Af c (JVc+3) 
l2Nj\ 2 


i 

6iV; 


^/JV c (AT c +3) 


4 TVs- 2 TV 3 

2 2 
















1 

12JVg 


^/5N C (N C + 3) 



Table 6.4: Matrix elements for all states belonging to the [70, 1 ] multiplet |64j . 



Part, contrib. (MeV) Total (MeV) Exp. (MeV) Name, status 





ciOi 


C2 2 


C3O3 


C4O4 


C5O5 


ce0 6 








2 


1444 


-16 


40 


42 





-13 


1529 ± 11 


1538 ± 18 


5n(1535)**** 


4 7Vi 

2 


1444 


39 


201 


12 


-31 


-33 


1663 ± 20 


1660 ± 20 


5n(1650)**** 


2 N 3 

2 


1444 


-8 


40 


42 





7 


1525 ± 8 


1523 ± 8 


Di 3 (1520)**** 


4 N 3 

2 


1444 


16 


201 


42 


25 


-13 


1714 ± 45 


1700 ± 50 


Di 3 (1700)*** 




1444 


-24 


201 


42 


-6 


20 


1677 ± 8 


1678 ± 8 


Di 5 (1675)**** 


2 


1444 


16 


40 


211 





-66 


1645 ± 30 


1645 ± 30 


5 3 i(1620)**** 


2 A a 


1444 


-8 


10 


211 





-33 


1720 ± 50 


1720 ± 50 


D 33 (1700)**** 



Table 6.5: The partial contribution and the total mass (MeV) predicted by the 1/N C expan- 
sion. The last two columns give the empirically known masses |64j . 



6.6 Results 

In Table 1531 we present the masses of the non-strange resonances belonging to the [70, 1~] 
multiplet obtained from the fit to the experimental values [93]. We also indicate the partial 
contribution (without error bars) of each of the six terms contributing to the total mass 
obtained from the values of Cj of Table IB~3l column Fit 1, i.e. the case with all Oi included. 
The fit is indeed excellent, it gives Xdof — 0-43. From Table 16.31 one can see that the values 
of the coefficients C3 and C4 are comparable to each other which shows the importance of 
including the isospin operator O4, besides the usual spin term O3. In addition, looking at 
the partial contributions of Table 16.51 one can see that the spin term O3 is dominant for the 
4 Nj resonances while the isospin-isospin term is dominant for the A resonances. This brings 
a new aspect into the description of excited states studied so far, where the dominant term 
was always the spin-spin term [57], the isospin term being absent in the analysis. To get a 
better idea about the role of the operator O4 we have also made a fit by removing it from the 
definition of the mass operator (I6.12|) . The result is shown in Table [6731 column Fit 5. The 
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^dof deteriorates considerably becoming 11.5 instead of 0.43 obtained with all operators 
included. This clearly shows that O4 is crucial in the fit. 

As mentioned above, in studies based on the splitting of the system into an excited quark 
and a core another operator, namely -^-t a T°, has been included in the mass analysis, instead 
of O4. That operator is only a part of O4. Its matrix elements are spin dependent. The 
sources of the spin dependence are the isoscalar factors of the permutation group (see Eq. 
(|5.14p ). which appear in the spin- flavor part of the wave function, as a consequence of the 
truncation of the spin-flavor space, as explained in Section 15.3.21 We consider that the spin 
dependence of an isospin operator matrix elements is not natural. The present approach 
removes this anomaly. 

The coefficient C2 of the spin-orbit term is small and its magnitude and sign remains 
comparable to that of Ref. [62] obtained in the analysis of the [70, £ + ] multiplet (see Table 
15.51) . The value of C2 implies a small spin-orbit contribution to the total mass, in agreement 
with the general pattern observed for the excited states [57] (see Figure 15. ip and in agreement 
with constituent quark models. 

The coefficients C5 and cq are large but they come out with large error bars too. This 
suggests that other observables should be involved in order to constrain the contribution of 
such operators, as for example the mixing angles. This is the subject of further investigations. 
However, the removal of O5 and Og from the mass operator does not deteriorate the fit too 
badly, as shown in Table [631 Fits 2-4, the Xdtf becoming at most 1.1. The partial contribution 
of O5 or of Oq is generally comparable to that of the spin-orbit operator. Note that the 
structure of Oq is related to that of the spin-orbit term, which makes its small contribution 
plausible. 

6.7 Conclusions 

The present chapter sheds an entirely new light into the description of the baryon multiplet 
[70, 1 _ ] in the 1/N C expansion. The main findings are: 

• In the mass formula the expansion starts at order 1/N C , as for the ground state, instead 
of N~ as previously concluded. 

• The isospin operator -^-T a T a is crucial in the fit to the existing data and its contribution 
is as important as that of the spin term ■j^-S l S % . 

It would be interesting to reconsider the study of higher excited baryons, for example those 
belonging to [70, l + \ multiplets, in the spirit of the present approach. Based on group the- 
ory arguments it is expected that the mass splitting starts at order 1/N C , as a general rule, 
irrespective of the angular momentum and parity of the state and also of the number of fla- 
vors. In practical terms, the extension to three flavors would involve a considerable amount 
of algebraic group theory work on isoscalar factors of SU(6) generators for mixed-symmetric 
representations. 

Thus the conceptual problem related to the leading correction to the mass of the excited 
baryon states, thought to be of order 0(1) (see e.g. Ref. [TT] ) , as originated from previous 
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studies of the [70, 1 ] multiplet, has been solved. The leading correction is of order 1/N C , as 
for the ground state. 



Conclusions and perspectives 



At the time when we have started this work, the l/N c expansion to baryon spectroscopy was 
extensively applied to the ground state and partly to excited states. The only excited multi- 
plets considered until 2003 were the [70, 1"], the [56', 0+] and the [56, 2+]. The [56', 0+] and 
the [56, 2 + ] multiplets were easy to treat as the spin-flavor and the orbital parts of the wave 
function are symmetric. In this case, the SXJ(2Nf) symmetry is broken at order 0(1/N C ). 
The approach to the baryon wave function belonging to the [70, 1 _ ] multiplet was to decouple 
it into a symmetric ground-state core composed of N c — 1 quark and one excited quark. This 
point of view, based on a Hartree approximation, has the advantage to treat the core like a 
ground-state baryon and allows an easy generalization of the operator expansion in 1/N C for 
the N = 1 band. However this procedure predicts a breaking of the SU(2iVj) symmetry to 
order 0(N®) in the mass instead of 0(1/N C ), as for ground-state baryons. The conflict leads 
to a conceptual problem. It follows that excited states belonging to the [70, 1~] multiplet 
do not form an infinite tower of degenerate states because of the breaking to first order of 
the SU(2iVj) symmetry. Nevertheless, experimental results suggest to treat the spin-flavor 
breaking terms as subleading. 

Historically, our first study was devoted to resonances belonging to the [56, 4+] multiplet 
which is the lowest in the N = 4 band. Although high in energy, 2.5 ~ 3 GeV, it was 
appealing to look at this multiplet for its simplicity. Indeed, its mass operator and the wave 
function are similar to those of [56, 2 + \. As mentioned above and throughout this thesis, the 
resonances belonging to a symmetric SU(2iVj) representation are easier to study than those 
belonging to mixed-symmetric representations. 

We next concentrated on the [70, £ + ] (£ = 0, 2) multiplets which present technical compli- 
cations from group theory point of view. Here we adopted the traditional procedure described 
above i.e. to split the system of N c quarks into an excited quark and a core described by a 
symmetric wave function both in the orbital and in the spin-flavor space. The main differ- 
ence between the [70, 1~] case and these multiplets comes from the fact that here the core is 
excited. 

In a first step, our study was devoted to non-strange baryons. To include strange baryons 
it was necessary to know the matrix elements of the SU(6) generators for a symmetric spin- 
flavor wave function composed of N c quarks. Based on a rather simple procedure involving 
a generalized Wigner-Eckart theorem we have derived analytic expressions for these matrix 
elements and used them to complete the study of resonances belonging to [70,£ + ] multiplets 
by including strange resonances into our previous studies on non-strange resonances. In this 
way, the study of the N = 2 band was completed. As for the [20, 1 + ] multiplet, no candidate 
has been found so far experimentally. 
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Our results on the baryon masses in the N = 2 and N = 4 bands, combined with re- 
sults available in the literature for the [70, 1 _ ] and the [56, 2 + ] multiplets, enabled us to 
understand the energy dependence of the dynamical coefficients entering the mass operator 
of the 1/N C expansion. We found out that the spin-spin contribution remains dominant over 
other contributions and that all the spin dependent terms tend to vanish at large excitation 
energy. We think this is an important conclusion that brings support to the phenomenology 
of baryons and to the constituent quark models where the spin-orbit interaction is usually 
neglected. 

The 1/N C expansion is also a powerful method to classify baryon resonances into octets, 
decuplets and flavor singlets which means to extend the Gell-Mann and Ne'eman classifica- 
tion to excited states. This is an important task in general. The proposed classification can 
confirm or infirm quantum numbers as spin and parity which have been predicted by quark 
models. There are some resonances in the Particle Data Group Tables where these quantum 
numbers have not been measured. This is generally the case for heavy baryons. Our Tables 
15.41 15.111 15.161 and 16.51 give a classification of the presently known resonances and also make 
predictions for higher excited states to be discovered. 

While studying the positive parity 70-plet resonances, we realized that it is possible to 
treat the mixed-symmetric multiplets in the 1/N C expansion of QCD by avoiding the cum- 
bersome procedure of decoupling the system of N c quarks into two subsystems, one being a 
symmetric core and the other an excited quark. As described in the beginning of Chapter 
6, this method implies a truncation of the available basis of vector space belonging to the 
irreducible representation [N c — 1,1] of the permutation group Sn c . By assuming that the 
iV c -th quark of the baryon wave function is always the excited quark, the decoupling pic- 
ture predicts that the SU(2iVy) symmetry is broken to order 0(N®). But, when we take 
into account the complete basis vector space, this conceptual problem disappears. This is 
the case when we consider the wave function in one block, without splitting it. Moreover, 
such a procedure allows to have an equivalent treatment of symmetric and mixed-symmetric 
multiplets, predicting a breaking of the SU(2iVy) symmetry to order 0(1/N C ) in both cases. 
In addition the anomaly created by the decoupling picture which generates a dependence on 
the spin of the isospin-isospin operator matrix elements is removed. 

This new approach for mixed-symmetric multiplets requires the knowledge of the matrix 
elements of the SU(2iVy) generators for mixed-symmetric wave functions of N c particles in 
the spin-flavor. The solution came from previous literature on group theory which was used 
in the sixtieths in nuclear physics. A system of u, d quarks and a nucleus made out of protons 
and neutrons have in common the SU(4) symmetry. Thus we found that the matrix elements 
of the SU(4) generators for mixed-symmetric states of N c quarks can be easily extracted from 
results relevant to nuclear physics. 

As a first application of the new method, we have revisited the [70, 1~] multiplet. It 
was the subject of the second part of Chapter 6. The two main conclusions were that the 
1/N C expansion starts at order 0(1/N C ), as announced above and that the isospin opera- 
tor plays a crucial role in the fit to existing data. Its contribution is as important as that 
of the spin-spin term which brings support to models based on a flavor dependent interaction. 
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It would be interesting to extend the new approach to incorporate strange baryons into 
the [70, 1~] multiplet. Unfortunately, to our knowledge, the isoscalar factors necessary to 
determine the generator matrix elements of the SU(6) spin-flavor group are not yet know for 
N c particles. Some studies were done during the sixtieths for the irreducible representation 
70 but only for three particles. Considerable group theory work should be done to generalize 
this results to N c particles. The mixed-symmetric representation [N c — 1,1] is more complex 
that the symmetric one. The method presented in Chapter 4 is not applicable to a mixed- 
symmetric representation because it is based on the fact that the matrix elements of the 
generators acting on one particle are identical for all the particles. The matrix elements of 
SU(6) generators are then easily obtained for a symmetric spin-flavor representation contain- 
ing N c particles. This property is not valid for a mixed-symmetric irreducible representation. 

Another interesting extension should be to reanalyze the [70, £ + ] (I = 0,2) multiplets in 
this new light. Of course, only non-strange baryons could be studied at the present time as 
explained above. Nevertheless, one could obtain a global vision of the N = 2 band based on 
an equivalent group theoretical description of the wave function and of the spin-orbit operator 
for the [56', + ], the [56, 2 + ] and the [70, £ + ] multiplets. It would be interesting to point out 
the role of the isospin-isospin operator in the [70, £ + \ multiplets. 

The study of multiplets belonging to the iV = 3 band remains entirely open. As in the 
N = 2 band we encounter symmetric and mixed-symmetric multiplets. The analysis of at 
least one of these multiplets would bring an additional point to Figure 15.11 which could pos- 
sibly confirm the behaviour we found that the spin-dependent interactions decrease with the 
excitation energy. 

As mentioned above, an important contribution of the 1/N C expansion in QCD to baryon 
spectroscopy is that it allows mass predictions for all members of a multiplet. So far, whenever 
possible, the best Xdof were obtained by identifying the multiplet members in the same way 
as in constituent quark models. Otherwise, the identifications proposed become predictions. 
However, generally, a given resonance corresponds to a mixing of two or more states and are 
not pure states. It would be very interesting to consider mixing of states in the analysis and 
to predict mixing angles. The inclusion of mixing between the [56, 2 + ] multiplet and the 
[70, £ + ] (£ = 0, 2) multiplets should be a very attractive future subject of investigation. 

In this thesis, we assumed that excited baryons are bound states. However, excited 
baryons are resonances even at large N c . Indeed, the Witten power counting rules predict a 
characteristic width of excited baryons of N®. Thus baryons do not become stable at large 
N c . Some papers tried to take into account this fact by analysing the baryon-pion scattering 
amplitude. Nevertheless, we think that the quark model assumptions used in the calculations 
give satisfactory results and a good start. 

Finally, an important difficulty for the study of excited multiplets comes form the lack 
of experimental data. This can be seen in Tables 15.111 and 15.161 which summarize the results 
for the strange baryon masses belonging to the [70, £ + ] {£ = 0,2) multiplets. Among the 47 
possible theoretical states we have only 12 experimental know resonances. Furthermore, the 
quality of the data is not very good, the experimental error on the masses being quite high. 
The situation of the [56, 4 + ] multiplet is worse. With more data, it would be possible to 
include more operators in the fit. With an improvement of the quality, the error bars on the 
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coefficients c, and dj appearing in the mass operator expansion should decrease. 

This thesis aimed at completing the study of the N = 2 band and at beginning the 
exploration of the N = 3 and N = 4 bands. The N = 2 band was indeed completely covered 
and the lowest multiplet of the N = 4 band was analysed. The N = 3 band was not tackled 
but we proposed a new and elegant method to study baryons described by mixed-symmetric 
spin-flavor states which removed an important conceptual conflict in the 1/N C expansion of 
the mass operator. The large N c approach to QCD is a new developing field, complementary 
to the traditional constituent quark model and we hope to have introduced a new perspective 
of research and new discussions in baryon spectroscopy. 



Appendix A 

Examples of orbital wave functions 



In this Appendix, we gives details about the orbital wave functions used in the quark-shell 
model presented in Chapter 2. The wave function of each state is derived by doing the 
direct product of the 1-particle wave functions Eqs. (I2.13|) - (|2.16p to obtain a state with a 
given angular momentum and a desired symmetry. For simplicity we use harmonic oscillator 
wave functions, but the angular momentum, parity and symmetry properties remain general 
irrespective of the form of the radial part. We give all the wave functions for N = 0,1,2 
bands for N c = 3 [28J. These wave functions may equivalently be written in terms of the 
Jacobi coordinates R, A and p defined in Eqs. (|2.18p - (|2.20p . There is a systematic procedure 
detailed in Ref. jBH] which can be extended to obtain states of analog symmetries for large 
N c . 



A.l Harmonic polynomials and spherical harmonics 

Before writing down harmonic oscillator wave functions describing a system of three particles, 
we give a Table containing of the spherical harmonics used below. 

yr(r) = r'yrm (a.i) 



A.2 Wave functions 

(Os) 3 : the symmetric representation, i = H 

/4a>\ 3 ' 2 1 



(0s) 2 (0p): the symmetric representation, I = 1 

y/2 (4^\ 3/2 1 + ra + r3)e -a^ +J -! +f -!)/2_ (A 3) 

J Air 



As one can directly notice, this wave function is a spurious state as it is proportional to the 
center of mass coordinate Eq. (|2.18|) . i.e. involves excitation of the center of mass. It is the 
orbital wave functions of baryons belonging to the [56, 1~] multiplet. 
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£ m 





1 

1 ±1 

2 

2 ±1 
2 ±2 



i_ 

Lit 



¥\/£;(x±iy) 



'^(2 cos 2 0- sin 2 0) 



^/£icos0sin^ ±i<? 



^ sin 2 fle ±2i< ? 



Table A.l: Spherical harmonics for I < 2 



(0s) 2 (0p): the mixed-symmetric representation, 1=1 



1 /4a 3 \ 3/2 1 



3 Vv^y 

1_ /4a3\ 3/2 2 



_.(ri + r 2 - 2r 3 )e- a (r i +r 2 +r 3 ) / 
± f l^y /2 _L a(ri _ r2)e — TH-H-i- ,. -2 



(A.4) 
(A.5) 



These wave functions are not spurious as they are proportional of the coordinates A and p 
Eqs. (|2.19p - (|2.20p and involve excitations of the internal motions of the quarks. They are 
orbital wave functions of baryons belonging to the [70, l - ] multiplet. 



(0s) 2 (ls): the symmetric representation, £ = A 



y/2 /4a 3 \ 3/2 1 



3 Vv^y (4vr) 3 / 2 



9 2/ 2 i 2 i 2\ 

- - a (r 1 +r 2 + r 3 ) 



e _ a 2 (r 2 +J ,2 +r 2 )/2 ^ 



(A.6) 



(0s) 2 (ls): the mixed-symmetric representation, £ = A 



1 /4a 3 \ 3/2 1 



-Q! 



!( r 2 + r 2_ 2r 2 )e -a 2 (r?+ri+ri)/2 



3 V ^7 (4vr) 3 / 2 

J_ / fa 3 ^ 372 _L 2 2 _ 2) a 2 {r 2 +r 2 +r 2 )/2 

V^VvW (4vr) 3 /2 alri r2je 



(0s) 2 (0d): the symmetric representation, £ = 2 + 



2 /4a 3 \ 3/2 1 



45 Wtt 



4tt 



a 2 [r 2 y 2 (^i) + rlY 2 (n 2 ) + r 2 y 2 (^ 3 )] e~ 



a 2 {rl+rl+rl)/2 



(A.7) 
(A.8) 



(A.9) 
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(0s) 2 (0<i): the mixed-symmetric representation, £ = 2 

3/2 



ll>. 



(^=) ^o? [r?y a (n x ) + r|Y 2 (ft 2 ) - 2r 3 2 y 2 (fi 3 )] e-^+^+rt)^ (A 10) 



45 V v 7 ^ / 4?r 

VV = ^(^^^[^(f^ (A.ll) 



(0s) 2 (0p): the symmetric representation, £ = 



f (^) J^fF^ r l)e - 2 ^^^i)/ 2 . (A.12) 



(0s)(0p) 2 : the mixed-symmetric representation, £ = + 



*X = f (^) 3/2 ^« 2 (r 2 -r3 + r3-r 1 -2r 1 .r 2 )e- 2 ^^ (A.13) 



2/4a 3 \ 3/2 i 



^ = VHwJ o^ 2(r2 - r3 Q (rf+ri+r|)/2 - (A - 14) 

(0s)(0p) 2 : the mixed-symmetric representation, ^ = 1 + 

1 / A 3\^/^ 1 

^ - 3(7^) ( i ^«M(r 3 xr 1 ) + (r 2 xr 3 )-2(r 1 xr 2 )] e -" 2 ^+''M/2, (A.15) 
^ = ^(^) 3/2 (i^ Q2 ^ Xri )-( r2Xr3 )] e ^ (r?+ri+r32)/2 - ^ A - 16 ) 



(0s)(0p) 2 : the antisymmetric representation, £ = 1 + 

^ = ^ (^) 3/2 (^37I« 2 ^3 x ri ) + (r 2 x r 3 ) + (n x r 2 )] e - 2 «+^f)/2. (A . 17) 



(0s)(0p) 2 : the symmetric representation, £ = 2 + 



O //I 3\^/^ 1 

V» = -= ( -7= ) 7T^TH a2 [nr 2 l2(ni0 2 ) + r 3 r 2 Y 2 (Q 3 n 2 ) + r 3 r 2 Yi(tt 3 ni)] e -«V 2 +^+r 3 2 )/2. 
V27 \ Vtt/ (47r) 1 /^ 

(A.18) 

where Y^C^i^j) is the angular part obtained by combining rj, rj to form £ = 2, and normalized 
to unity over fij, IX,-, e.g. 

y 2 (n i n i )= (li^m^M)^^)!^^) (A.19) 

where (llmim,j\2M) are R3 Clebsch-Gordan coefficients. 
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(0s)(0p) 2 : the mixed-symmetric representation, I = 2 + 

3/2 



1>. 



A 



V? (7Q (3^ a2 t 7 " 27 ^ 2 ^ 2 ^) + ^nF 2 (o 3 ni) - 2r 1 r 2 r 2 (r» 1 r! 2 )] e -V 2 +^ 2 )/ 2 7 



(A.20) 



V2 /4a 



T 7 (i^V 2 "" 2 t^ 3 ^ 2 ^ " ^^^(OsOi)] e-" 2 ^^ 2 ^ 2 )/ 2 . (A.21) 

In each case one can check the symmetry properties of the wave functions by applying 
transformation of the group S3. 

We need now to make combinations of these wave functions to remove the center of mass 
coordinate dependence. Let us show an example for the [56, 2 + ] mu ltipl et. W e need to 
rewrite the (0s) 2 0d and (0s)(0p) 2 symmetric wave functions (Eqs. (|A.9p and (|A.18p ) in terms 
of R, A and p. Let us choose M = 0. Using Table |A~T1 one can rewrite Eq. (|A.9p as 

^(OsRod) = -^={^=^j -^\[~^ a2 Wl + z l + 4) - (4 + x\ + x\) - (yl + y\ + y 2 )] 



and Eq. (TA~l~8j) as 

V2 /4a 3 \ 3/2 1 2 r / x / 

^(o s )(o P )2 = -3- J ( 47r )3/2 a l 3 (*l*2 + ^2 + zizz) - (nra + r 3 r 2 + nr 2 )\ 



Xe - a '(ri-Hi+ri)/2_ (A23) 



We use 



rf + r£ + r£ = iT+p 2 + A 2 , (A.24) 

nr 2 + nr 3 + r 2 r 3 = R 2 - - (p 2 + A 2 ) , (A.25) 

3 

z 2 + z 2 + z 2 -(z 1 z 2 + z 1 z 3 + z 2 z 3 ) = -(pg + Ag). (A.26) 
The following linear combination suppress the center of mass dependence 

V'(Os) 2 (Od) - \/ o^(0s)(0p) 2 = 



3\ 3/2 



/2 1 /4a 3 V /2 1_ 2 r 2 2 2 ,2^2^ 



-3(ziz 2 + z 3 z 2 + z x z 3 ) + {nr 2 + r 3 r 2 + nr 2 )] e _Q ( r i+ r 2+^)/ 2 (A.27) 

= ]fl (£) m Wym a2 1 3 « + A ») - <" 2 + A ' 2 »] --" a,R2+ ' 2+i2,/2 . (a.*) 

Using this procedure we obtain Table 12.41 describing baryons with iV c = 3. In a similar 
way one obtains the result of Table 12.61 valid for an arbitrary number of quarks in a baryon. 



Appendix B 

Isoscalar factors of the permutation 
group S n 

Here we shortly recall the definition of isoscalar factors of the permutation group S n [85]. Let 
us denote a basis vector in the invariant subspace of the irrep [/] of S n by | [f]Y), where Y is 
the corresponding Young tableau or Yamanouchi symbol. A basis vector obtained from the 
inner product of two irreps [/'] and [/"] is defined by the sum over products of basis vectors 
of [/'] and [/"] as 

\[f]Y) = S([f']Y'[f"}Y'tf}Y)\lf']Y%f}Y"), (B.l) 
Y'Y" 

where S([f]Y'[f"]Y"\[f}Y) are Clebsch-Gordan (CG) coefficients of S n . Any CG coefficient 
can be factorized into an isoscalar factor, here called K matrix [85], and a CG coefficient of 
S n _i. To apply the factorization property it is necessary to specify the row p of the n-th 
particle and the row q of the (n — l)-th particle. The remaining particles are distributed in 
a Young tableau with n — 2 boxes, denoted by y. Then the isoscalar factor K associated to 
a given CG of S n is defined as 

s([/y<ww/i[/M 

where the right-hand side contains a CG coefficient of S„,_i depending on [f p ], [/',] and [fpi>], 
which are the partitions obtained from [/] after the removal of the n-th particle. The K 
matrix obeys the following orthogonality relations 

E^([/V[/'Vl[/]p)^([/V[/V / |[/i]Pi) = S ffl Sp Pl , (B.3) 

p'p" 

^KWW\mK(vww\m = v^w ( B - 4 ) 
fp 

The isoscalar factors used to construct the spin-flavor symmetric state (|4.13f) are denoted by 

cg^ = K([f]l[f'm[Nc]l), 

c[f ] = Kdf'W'MWcn (B.5) 

with [/'] = [N c /2 + S,N c /2 — S]. One has analog isoscalar factors, i.e. with the last particle 
in the first or last row both in spin and flavor part, needed to construct a state of mixed- 
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symmetry [N c — 1, 1] from the same inner product. There are 

c[f-^ = K([f']l{f'}l\[N c -l,l]2), 



JJVc-1,1] 



-22 



K{[f]2[f]2\[N c -l,l}2). (B.6) 



The above coefficients and the orthogonality relation (jB.4[) give 



[iV c -l,l] _ _\N C ] 
-11 — L 22 ' 

4^- 1 ' 1] = (B.7) 



When the last particle is located in different rows in the flavor and spin parts the needed 
coefficients are 



-12 
-21 



K([f']l[f']2\[N c -l,l}2) = l, 
K([f']2[f'}l\[N c -l,l}2) = l, 



(B.8) 



which are identical to each other because of the symmetry properties of K. 



Now we show how to obtain the analytic form of the above coefficients for the states with 
N c quarks. To get (|4.14p we write the matrix elements of the generators 5j in two different 
ways. One is to use the Wigner-Eckart theorem (14. 7p . The other is to calculate the matrix 
elements of 5j by using (|4.13p , (|4.18p and (|4.2ip . By comparing the two expressions we obtain 
the equality 



Vs(s + i) 



(-rN cX r-v2sTT 



'22 



,[Nc 
-11 



1 s s 

5-1/2 1/2 1/2 



which is an equation for the unknown quantities c^ c ^ and c!^ c 
normalization relation (1B.3P 



-11 



+ 1^ 



1. 



1 S S 
5 + 1/2 1/2 1/2 

(B.9) 

The other equation is the 
(B.10) 



We found 



-22 



(S) 



IS[N C + 2(5 + 1)] 
iV c (25 + 1) ' 

l(S + l)(N c -2S) 
N C (2S + 1) ' 



(B.ll) 



which are the relations (|4.14p . This phase convention is consistent with Ref. [87]. Similarly, 
to get (I4.15P we calculate the matrix elements of the generators T a from (|4. 13j) . (I4.18P and 
(|4.22p and compare to the Wigner-Eckart theorem (|4,8p . This leads to the equation 



3 



> 



-22 



C/((A + 1,//-1)(10)(A M )(11);(A M )(10)) 



C/((A-l, / i)(10)(A / i)(ll);(A//)(10)) 



P =i 



(B.12) 
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which together with the normalization condition (jB.lOh give 



° u M ~ V 3iV c (A + 1) : 



[N c ] n s AT e ( 6 + 2A + /i) - 2 gv 
c 22 (Am) = y 3 jV e (A + 1) ' (B ' 13) 

i.e. the relations (|4.15p . In addition, we found that the following identity holds for p = 2 

if ] ) 2 U((X + l,fi— l)(10)(A/x)(ll); (A/i)(10)) p=2 

(B.14) 



= 7=3 Nc 



+ (c[f ] Y U((X - 1,/,)(10)(A M )(11); (A M )(10)) P=2 



This cancellation is consistent with the definition of the matrix elements of the SU(3) gener- 
ators Eqs. (|4.8|) . (|4,9|) and it is an important check of our results. 

One can identify the so called "elements of orthogonal basis rotation" of Ref. [9j with the 
above isoscalar factors of S„, as discussed in Sec. 14.31 
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Appendix C 



Racah coefficients and some 
isoscalar factors of SU(3) 

This Appendix gives details about the SU(3) Racah coefficients. We present also tables con- 
taining some SU(3) isoscalar factors, needed to compute the SU(3) Racah coefficients used 
to derived the matrix elements of the SU(6) generators presented in Chapter 4 and of the 
operators used in Chapter 5. 

SU(3) Racah coefficients are defined in Ref. [39]. They can be expressed in terms of 
summations involving Racah coefficients of SU(2) and SU(3) isoscalar factors 

C7 ((^l/ U l)(-^2^2)(A^)(A 3 ^3); (Ai2AH2)/3l2Pl2,3(A23M23)P23Pl,23) = 

Y, Uihhlh-JuhsXiXlVl^h; (A2^2)l2/ 2 ||(Al 2W2 )yi2/l2)p 12 

I l I 2 I 3 / 12 / 23 

x((A 12 /i 12 )Yl 2 I 12 ;(A 3 M3)^3^ 

x((A 1 /i 1 )F 1 / 1 ; (X 23 p 23 )Y 23 I 23 \\(X f l)YI} pi ^, (C.l) 

where the SU(2) U coefficients can be related to the 6-j symbols [80J 

U{hI 2 Ih-I X2 I 2 z) = (-l) /l+/2+/+ V(2/i2 + l)(2/ 23 + 1) | £ h j (C.2) 

To get the Racah coefficients used in chapter 4, we have the simplified expression 

[7((A 1 // 1 )(10)(Am)(H);(A M )(10)) p = 

£ (_1)A +/2+/+/ 0v / (2/l2 + i )(2 / 23 + l) 

Y!Y 2 (Y a ) 
l\H la -fl2 J 23 

x((A im )yi/i;(10)y2/2||(Al2/il2)l42/l2)((Al2m2)yi2/l2;(ll)i;/a||(A^)y/) p 

x((A 2 // 2 )r 2 J 2 ;(ii)r a J a ||(io)r 2 3i23)((AiAt 1 )riii;(io)r 23 i23||(A^)yi). (c.3) 

This form is simpler than the first one as only one p label is needed. One can directly notice 
that the sum in Eq. (|C.3p is independent of Y and / by definition. For the calculation of 
the Racah, we need to choose a fixed set of Y, I. One classical choice is to take 1 = and 
Y = 2/3(/x — A). In Tables ICTTHC . 5 1 one can find the isoscalar factors used to derive the SU(3) 
Racah coefficients out of Eq. (|C.3p . 



f h h h2 \ 

\ la I hz J 



Y 2 h 
h 



(AV) = (A + l,/i) 



(AV) = (A, M -1) 



(AV) = (A 



-2/3 
/! = / 



(A+l-p)(A+^+2-g) 
(A+l)(A+/H-2) 



(At+l+p)(g+l) 
(/x+l)(A+/x+2) 



Qu+l-g)(p+l) 
(A+1)( M +1) 



1/3 1/2 
Jx = J + 1/2 



(A+l-p)( M +l-g)q 
(A+l)(A+ M +2)(^+l+p-g) 



(A+ At +l-g)( M -g)( M +l+p) 
(A+ A t+2)( /1 +l)( A t4-p-9) 



(A+ M +2-g)g(p+l) 
(A+l)( / x+l)(/i+2+p- 9 ) 



1/3 1/2 

/i = / - 1/2 



(/x+l+p)(A+/H-2-g)p 
(A+l)(A+/j+2)Ofl+p-<?) 



(A+l-p)(g+l)p 
(M+l)(A+ A i+2)(^+p-g) 



(A-p)(/H-2+p)(/x+l-g) 
(A+1)(/x+1)(m+2+P-9) 



Table C.l: ((X^h; (W)Y 2 I 2 \\(\' n')YI), Y = -1/3(2A'+// - 3p-3g), / = 1/2//' + l/2(p - g) IE] 



Y 2 h 
h 



(AV) = (A + 2 )At -l) 



(AV) = (A-2, / u + l) 



-1 1/2 
/i = / + 1/2 



(A+l-p)(A+2-p)(M+l+p)(^-q)(A+M+2- g ) 
(A+l)(A+2)(/i+l)(A+/i+2)(^i+p- 9 ) 



(p+l)(p+2)(M+p+3)(A+^+l-g)(M+l~g) 
A(A+l)(/t+l)(A+ ft +2)(/ t +p-< ? +2) 



-1 1/2 

h = I — 1/2 



p(A+2-p)(g+l)(A+Ai+l-g)(A+At+2-g) 
(A+l)(A+2)(/i+l)(A+M+2)(/i+p-g) 



(p+l)(A-l-p)(<H-l)(At T <?)(At+l-g) 
A(A+l)(At+l)(A+M+2)(^+p-«J+2) 





/l = J 



3p(A+2-p)(^-q)(A+/z+2-g) 
2(A+1) (A+2) (A+At+2) 



3(p+l)(A-l-p)( M +l-g)(A+p+l-q) 
2A(A+1)(ai+1) (A+At+2) 



1 
Jl = / + 1 



(\+l-p)(\+2-p)(ii+l+p)q(n-q)(ii+l-q) 
(A+l) (A+2) (/x+1) (A+At+2) (/x+p-g) (/x+p-g+1) 



(p+l)(p+2)(M+P+3)g(A+^+l-g)(A+At+2-g) 
A(A+1) (/x+1) (A+ai+2) (/x+p-g+2) (/Lt+p-g+3) 



1 
h = I ~ 1 



p(p- l)(At+p)(q+l)(A+At+l-g)(A+At+2-q) 
(A+l) (A+2) (ai+1) (A+At+2) (/i+p-g) (/i+p-g-1) 



(A-p)(A-l-p)(At+2+p)(g+l)(At-q)(At+l-g) 
A(A+1)(ai+1) (A+At+2) (At+p-9+2)(At+p-g+l) 



1 
h=I 



(Ai+l+p+g)Vp(A+2-p)(At-g)(A+At+2-g) 
v /2(A+l)(A+2)(At+l)(A+At+2)(At+p-g-l)(A!+p-q+l) 



(At+3+p+g) v /(p+l)(A-l-p)(At+l-g)(A+l+Ai-g) 
- v /2A(A+l)(At+l)(A+/i+2)(At+p-g+l)(A!+p-q+3) 



1 1/2 
/i = / + 1/2 



p(A+2-p)g(At-g)(At+l-g) 
(A+l) (A+2) (n+1) (A+At+2) (At+p-g) 



(p+l)(A-l-p)g(A+At+l-g)(A+A t +2-g) 
A(A+1)(ai+1) (A+At+2) (At+p-g+2) 



1 1/2 

h = I - 1/2 



P(P- 1) (M+P) (A»-g) (A+At+2- g) 
(A+l) (A+2) (ai+1) (A+ai+2) (/i+p-g) 



(A-p)(A-l-p)(At+2+p)(At+l-g)(A+At+l-g) 
A(A+l)(At+l)(A+A(+2)(At+p-g+2) 



Table C.2: ((A/z)Yi/i; (1 l)y 2 I 2 ||(AV)y/), F = -1/3(2A' + y! - 3p - 3q), I = 1/2// + l/2(p - 9 ) [393 



Y 2 h 
h 



(AV) = (A + !,// + !) 



(AV) = (A-1,^-1) 



-1 1/2 
Ji = J + 1/2 



(p+l)(A-p)(A+l 7 p)g(A+At+3-g) 
(A+1)(m+1)(A+^+2)(A+M+3)(m+P"9+2) 



(p+1)(m+P+1)(m+P+2)((?+1)(A+ m - C /) 
(A+1)(m+1)(A+^+1)(A+M+2)(m+P-<?) 



-1 1/2 
h = I — 1/2 



(A+l-p)(/H-2+p)(^+l-g)(A+M+2-g)(A+/x+3-q) 
(A+l)(/x+l)(A+/x+2)(A+/x+3)(/x+p-g+2) 



(A-p)(/x+l+p)(g+l)(g+2)(/x-l-g) 
(A+l)(/x+l)(A+/i+l)(A+/i+2)(/i+p-g) 





il =/ 



3(A+l-p)(/H-2+p)g(A+/x+3-g) 
2(A+l)(M+l)(A+M+2)(A+M+3) 



3(A-p)(/m+p)(9+l)(A+M-g) 
2(A+l)(M+l)(A+M+l)(A+M+2) 



1 

/i = / + 1 



g(g-l)(/H-2-g)(p+l)(A-p)(A+l-p) 
(A+l)(/x+l)(A+M+2)(A+/x+3)(/x+p-g+2)(/i+p-g+3) 



/ (p+l)(A*+l+p)(Ai+2+p)(At-g)(A+M- 


g)(A+/*H 


-1-9) 


/ (A+l)(/Lt+l)(A+/i+l)(A+ / u+2)( A (+p- 


-9)(m+P" 


-9+1) 




' p(A-p)(A+l-p)(g+l)(g+2)(/x 


-9-1) 





1 

/l = J - 1 



p(^+l+p)(AH-2+p)(^+l-q)(A+ At +2-g)(A+M+3-g) 
(A+l)(/x44)(A+M+2)(A+/x+3)(/j+p-g+2)(/i+p-g+l) 



(A+l) (A+M+l) (A+/U+2) (m+P-9) (A»+P-9- 1) 



1 
h=I 



( At +l-p-g) v / (A+l-p)( At +2+p)g(A+ At +3-g) 
- v /2(A+l)(/i+l)(A+/i+2)(A+M+3)(/x+p-9+l)(/i+P-9+3) 



(^-l-p-g) v /(A-p)(^+l+p)( g+ l)(A+M-g) 
V2(A+l)(M+l)(A+M+l)(A+M+2)(A*+p-g+l)(;t+p-9-l) 



1 1/2 

/i = / + 1/2 



(A+l-p)( M +2+p)g(g-l)(/H-2-g) 
(A+l) Gu+l) (A+M+2) (A+m+3) Qi+p-q+2) 



(A-p)(M+l+p)(M-g)(A+M-9)(A+M+l-g) 
(A+l)(/x+l)(A+/x+l)(A+/x+2)(/H-p-g) 



1 1/2 

h = I- 1/2 



p(^+l+p)(M+2+p)g(A+^+3~g) 
(A+1)(m+1)(A+M+2)(A+M+3)(m+P-9+2) 



p(A-p)(A+l-p)(g+l)(A+/x-g) 
(A+1)(m+1)(A+M+1)(A+M+2)(m+P~9) 



Table C.3: {(X^Yth; (11)Y 2 I 2 \\(X' (i')Y I) , Y = -1/3(2A' +fx'-3p- 3g), 7 = 1/2// + l/2(p - g) [39 



Y 2 h 
h 



(AV) = (A + 1.//-2) 



(AV) = (A-l, M + 2) 



-1 1/2 
/i = / + 1/2 



(^+p)(M+l+p)(A+l-p)(g+l)(^-g-l) 
(A+l)|t(M+l)(A+M+2)(M+p-q-l) 



(p+l)(p+2)(A-l-p)g(^+2-q) 
(A+l)(^+l)(/i+2)(A+^+2)(/j+p-9+3) 



-1 1/2 
h = I - 1/2 



p(fi+p) (q+2) (q+1) (A+^-g) 
(A+l)/i(/i+l)(A+/i+2)(/i+p-9-l) 



(p+l)(^+p+3)(At+l-g)(^+2-g)(A+/ J +2-g) 
(A+l)(/i+l)(At+2)(A+/i+2)(/i+p-9+3) 





/l =/ 



3p(At+p)(q+l)(M-l-g) 
2(A+1)^(m+1)(A+M+2) 



3(p+l)(M+3+p)g(^+2-g) 
2(A+l)(/i+l)(At+2)(A+/i+2) 



1 

/l = / + 1 



(/j+p)fc+p+l)(A+l-p)(/j- g )(^-l-g)(A+/m-q) 
(A+1)m(m+1) (A+M+2) Qx+p-g) (M+p-g- 1) 



(p+l)(p+2)(A-l-p)g(q-l)(A+;x+3-g) 
(A+l) (M+2) (A+m+2) (/i+p-g+3) (/i+p-g+4) 



1 

h = I - 1 



p(p-l)(A+2-p)(g+l)(g+2)(A+^g) 
(A+l)pi(M+l)(A+M+2)(yu+p-g-2)(M+p-g-l) 



( A-p) Q+2+p)Q+3+p) (^t+l-g) (/J+2-g) (A+^t+2-g) 
(A+l)(/i+l)(/i+2) (A+m+2) ( A t+p-g+3)(p+p-g+2) 



1 

/l =/ 



(2A+ At +2-p-g) V ^(p7fp)(g+l)(A^l :: g) 
v / 2(A+l) At ( At +l)(A+M+2)( M +p-g)(M+p-g-2) 



(2A+ At +2~p-g)y / (p+l)(^+p+3)g(M+2^g) 
V / 2(A+1) (m+1) (M+2) (A+m+2) ( At+p _g+2)(/ i +p-g+4) 



1 1/2 

h=I+ 1/2 



p(p J +p)(/j-l-q)(/z-g)(A+/H-l-i?) 
(A+1)m(m+1)(A+/ 1 +2)(m+P-9-1) 



(p+l)(M+3+p)g(g-l)(A+ /t +3-g) 
(A+l) (/Lt+1) (m+2) (A+//+2) (/i+p-g+3) 



1 1/2 
h = I - 1/2 



p(p-l)(A+2-p)(g+l)(p J -l-q) 
(A+1)|*(m+ 1 ) (A+M+2) (/Lt+p-g-1) 



(A-p) ( M +2+p)g(^+3+p) (M+2-g) 
(A+l) (/x+1) (/Lt+2) (A+/X+2) (/Lt+p-9+3) 



Table C.4: ((A//)Fi/i; (ll)y 2 i'2||(AV)r/>, F = -1/3(2A' + // - 3p - 3g), J = 1/2// + l/2(p - g) [39] 



Y 2 h 
h 



(A'//) = (A//) 



(AV) = (A/i) 
p = 2 



-1 1/2 
/i = I + 1/2 



3(p+l)(A-p)( M +2+p) 



2gA M g-^(A+A'+l)(A+2^+6)^/(p+l)(A-p)( At +2+p) 
v /A(A+2)//(Ai+2)(A+M+l)(A+ A i+3)2g A ^(^+p- g +l) 



-1 1/2 

h = I — 1/2 



3(g+l)(M-g)(A+M+l-g) 
2sa m (M+P-9+1) 



2g AM p+A(/x+2)(A-M+3) v /(g+l)(M-g)(A+M+l-g) 
^A(A+2) M ( At +2)(A+ A i+l)(A+ At +3)2 9Afl ( M +p-g+l) 





Jl = J 



2A+/x— 3p— 3q 



V3[\p{p+2){\+p+l)-p(\+p+l)(\+2p+6)p+\(p+2)(\-p+3)q+2g Xl _ l pq] 
2^A(A+2) M ( M +2)(A+^+1)(A+ M +3) 9Am 



1 



Jl = J + 1 



2(p+l)(A-p)(M+2+p)g(At+l--9)(A+M+2-g)g AM 
A(A+2)M(^+2)(A+ A i+l)(A+M+3)(^+p-q+l)(Ai+p- f ;+2) 



1 

Jl = J - 1 



2p(A+l-p)(^+l+p)(g+l)(/x--g)(A+M+l-g)g AM 
A(A+2) At (/ i +2)(A+M+l)(A+At+3)(M+p-g+l)(M+P-9) 



1 



Jl = J 



1 / 3(/x+p-g)(/x+p-g+2) 

2 V 5A M 



A(A + /Lt + + 2)(2A + p, + 6) + 2(A + p + 1>[A(A + 2) - (ju + 2)(/u + 3)]p 

-/i(A + p + 1)(A + 2p + 6)p 2 - 2A[0 + 1)(A + p + 1)(2A + p + 6) - itg A ,J<j 
-A(ai + 2)(A - n + 3)g 2 - 2[A(A + /x + 1)(2A + /i + 6) - 9AM ]p (? + 2g Xll (p 2 q + pq 2 ) 
2y/\{\+2)p{p+2){\+p.+l){\+p+S)g x »{p.+p-q){p+p-q+2) 



1 1/2 

Jl = I + 1/2 



3q(/x+l-q)(A+/H-2-q) 
2ff Atl (/i+p-9+l) 



2g XfJ ,p+\(p+2){\-p+3) v /q(p+l-q)(\+p+2-q) 
^\(\+2)p(p+2){\+p+l)(\+p+3)2g Xlx (p+p-q+l) 



1 1/2 

Jl = J - 1/2 



3p(A+l-p)(/H-l-p) 
29An(M+P-y+l) 



2gA M 9-M(A+A'+l)(A+2 At +6) v / p(A+l-p)(t t +l+p) 
^A(A+2) it ( A i+2)(A+ A1 +l)(A+ M +3)2 9A , I ( M +p- C/ +l) 



Table C.5: ((A/i)FiJi; (ll)Y 2 J2||(Ay)yj), ^ = -1/3(2A' + y! - 3p - 3q), I = 1/2// + l/2(p - g) pSS 



Appendix D 

Some useful matrix elements 



To derive the matrix elements of the operators Oj and Bi used in Chapter 5, one need first 
to calculate the matrix elements of the generators of the SU(4) or SU(6) group, depending 
if we work with non-strange or strange baryons (see Chapter 4), and of the 0(3) group. 
Concerning the 0(3) group we have 



(^|f|<m,)=^vf+l) 



£ 1 

mi i 



m 



We also need the matrix elements of the tensor operator £( 2 \ This can be written as 

1 1 
* 3 V 



{£'m' t \l^ ij \lm t ) = J2 



(£'m' e \T'\£m e ), 



where [5j 



'j 



The one can write 

(£'m' e \£^ ij \£m e } = 



1 1 



1 1 

i j 

2 



/2 



£ 2 



i'\\T 2 \ 



(D.l) 



(D.2) 



(D.3) 



(D.4) 



where we have applied the Wigner-Eckart theorem. One needs now to derive the reduce 
matrix element (£'||r 2 ||^). As it is independent of /j, one can choose fj, = i+j = 2. This gives 



where 



We have 



V2 



ti\£,m e ) 



(£-m £ )(£ + mt + 1) 



\£,me + l) 



One can then write 



(£,£\T%\£,£-2) = s/I(2£ - 1) 

£ 2 
'-2 2 



\T Z 



6 



(£ + l)(2£ + 3) 



(D.5) 
(D.6) 

(D.7) 

(D.8) 
(D.9) 

(D.10) 
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We then obtain the matrix elements of the tensor operator (j- 2 ^ as 



1 1 



£ 2 



(D.ll) 

After introduced in the matrix elements of the generators, to calculate the matrix elements 
of Oi and B{ , we use the following relations (SJ [80] : 



1. 



( a \ c ) = (-ir- b -^v^+i( a \ c \ 

V « ^ -7 / \ a P 1 J 



(D.12) 



This formula relates an SU(2) Clebsch-Gordan coefficient in the left-hand side to the 
corresponding 3-j symbols. 



2. The following two formulas relate 6-j symbols to 3-j symbols, 

= £<-» 



3i 32 33 

h h h 



all m,n 



I 31 32 33 
mi 771,2 1^3 



3i h h 

7771 n 2 -7l 3 



h 32 h 

-771 "72 n 3 



h h 33 
ni -n 2 7773 



and 



3i 32 33 

Till 7772 m 3 



all n 



31 32 33 

h h h 

s I 3i h h 

mi 77 2 -773 



h 32 k 

-Til 777 2 77 3 



h 33 

-77 2 7773 



where S = h + l 2 + h + ni + n 2 + n 3 . 
3. A 9-j symbol can be written in terms of 3-j symbols as 

jll 312 313 
321 322 323 
331 332 333 



/ 3ii 312 313 
^ \ mu mi 2 777 1 3 

all m 



311 321 331 
mn rn 2 i 77731 



321 322 323 
77721 17122 ?™23 

312 322 332 
777 1 2 "1-22 "732 



331 332 333 
77731 77732 77733 

313 323 333 \ 
777 1 3 "723 "1-33 / 



(D.13) 



,(D.14) 



(D.15) 



The 3-j and 6-j coefficients are tabulated [80] . One can also use analytic calculators to derive 
3-j, 6-j and 9-j coefficients [9"U] . 

Let us now write the matrix elements of the Oi coefficients for the multiplets studied in 
various chapters. 



D.l The [70,1+] multiplet 
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D.l The [70,^+] multiplet 

D.l.l Non-strange baryons 

Here we give explicit matrix elements of the operators Oi written in Table 15. 1[ The notations 
used are the ones of Ref. [9] where we have p = S — I = ±1, and rj/2 = I c — I = ±1/2. 
Concerning the isoscalar factors the identification between the notations used in Eq. (|5.14|) 
and the ones introduced here is 



OH 



22 



and 



JiV c -l,l] _ JiVe-l,i] 



-o- 



-11 



(D.16) 
(D.17) 



Let us first write the matrix elements of the SU(4) generators for a symmetric spin-flavor 
wave function in these notations [S]: 



([N C )S' = I , ;S' 3 ,l' 3 \S i \[N e ]S = I;S 3 ,I 3 ) = 5ss>8ii>6 Ia Ky/S(S + T) 



S 1 

S 3 i 



* ) , (D.18) 



([N C ]S' =l';S 3 Ji\T a \[N c ]S = I-S 3 J 3 )=5 ss/ S S3SI J ir ^I{n^(^ \ ^ \ , (D.19) 



([N C ]S' = I'; S' 3 ,l' 3 \G ia \[N c ]S = /; S 3 , 1 3 



( s 


i 


S' \ 




i 




V s 3 


i 


S's J 


u 


a 


i) 



(D.20) 



They can be derived by using Eq. (|4.39|) and Table 14.21 To obtain the matrix elements of 
S c , T c and G c , one replaces each N c by N c — 1 and S, I by S c , I c . For the matrix elements 
of s, t and g, one has to replace N c by 1 and S and I by 1/2. 

Using the above formulas, one can derive the matrix elements of all the Oi operators. The 
results are 



3JJ 



f / 



i i e 

J S' s 



x^/(2S + l)(2S' + 1 



(D.21) 



■f/=±l 
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(e^gGc) = Sjj^SjpSj^St^St^i-iy-^^^^- V(2S + i)(2S' + 1) 

x y/(2i + 1)(2£> + l)\U q (i q + l){2l q - l){2Z q + 1)(2^ + 3) 



x 



2 * a \ \ i 2 



<S* 5* I I (^q £q 



E ^ 1 ' 11 *- 1 ' 11 (-i) (1+J?,)/2 

77,77' =±1 



V(2/ C + 1)(2^ + 1)J (JV e + l) 2 - 2 (21 + l) 2 



1/2 1 1/2 
h I I' 



I'c h 1 

S' S 2 } , (D.22) 
1/2 1/2 1 



(S 2 C ) = 6j,j6j, j3 6 L/L S I , I 6 I , l3 5 s ,s £ (cK"" 1 ' 11 ) (/ + f) (/ + f + l) , (D.23) 



r/=±l 



r?=±l 

D.1.2 Strange baryons 

The matrix elements of the SU(6) generators for a symmetric spin-flavor wave function have 
been presented in Chapter 4. Let us write explicitly the matrix elements of the operators 
t~ a , g m and G 3 c a . As explained in Chapter 4, we have 



{(10)y'i'i / 3 \t- a \{10)yii 3 ) 



r 



13 



(10) (11) 



yi 



-Y a I a 



(10) 

y'i' 



(D.25) 



(Jm 2 ;(10yiV 3 | 5 ia |Jm 2 ;(10)^3) 



and 



m,2 i 



1 

2 

m' 



(10) (11) 

1/U3 y a i a i^ 



(10) 



(D.26) 



([iV c - l]5>i; (A^n'44l G £« - l]^ c mi; (A cMc )W, 



S c 
m' 



p=l,2 



(A C M C ) (11) 



(a>: 



- 1 c c 



/ Tl 



Ic I a 

1 / V J c 3 J 3 

[N c - 1] [21 4 ] 

(A c/ u c )S c (11)1 



C3/ 

4 



[iv c - 1] 

Wc)S' c 



(D.27) 



where the SU(3) isoscalar factors are from Tables IC.2HC.5l and the SU(6) isoscalar factors 
can be found in Table [4~T1 
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Let us first write the matrix elements of the operator O2, using the notations used in 
Section I 



xy/pe + iw + i)^, + i)(2^ + i)| 1 l ic e q }{j s> s} 

E (-i)-%(S)<y P (^) { f I f }, (D.28) 



X 

PP'P" 



where 5 C = 5 — 1/2 for p' = 1 and S c = S + 1/2 for p' = 2 and similarly S c = S' — 1/2 for 
p" = 1 and 5 C = S' + 1/2 for p" = 2. Eq. (11X281) is equivalent to Eq. flEEE}. 

The compact form of O3 given in Table [531 is 

Os = ^4 2) '*V a Gf • (D.29) 
Writing the scalar products in an explicit form we have 

°z = T £(-l) i+i 4 2) '~^' E (-l/^V^f , (D.30) 

with i,j = 1, 2, 3 and a = 1, 2, 8. The final formula for the matrix elements of 3 between 
states of mixed orbital symmetry [N c — 1,1] is 

{IS'; JJ 3 ; {Xfj,)YII 3 \0 3 \eS; JJ 3 ; (Xfi)YII 3 ) = 



( _ 1)W+S , +J+1 _5_ ( ^ + - 1)(2 ^ _ 1)(2 ^ - 1)(2 ^ - 3) j 

x V2(iV c - l)(iV c + 5)(25 + 1)(25' + 1) { ^ " ' V 



f f f 

*-q **c 



J 



{S f S' 1 /2 

1 C 2 1 

S c S 1/2 

E ^((A c Mc)(H)(AM)(10);(A / c /i' c )(10)) p ( jFf 



x 

p=l,2 



[^c " 1] 



(D.31) 



where the coefficients c^lf 1 ' 1 \s) are given by Eqs. (|5.14p . We recall that S c = S — 1/2 for 

p = 1 and S c = S + 1/2 for p = 2 and by analogy S' c = S' - 1/2 for q = 1 and = S' + 1/2 

for q = 2. Also (A c /x c ) = (A — 1,/i) for p' = 1, (A c/ u c ) = (A + 1,/x — 1) for p' = 2 and 

(A c /i c ) = (A, /u + 1) for p' = 3 and an analogous situation for (A' c // C ) = (A — if = 1, 
(A'X) = (A + 1,/i - 1) if g' = 2 and (A' c // C ) = (A, /u + 1) if q' = 3. 

When applied on the excited quark the operator O4 reads 

° 4 = JT^l^c- (D.32) 
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Writing the scalar products explicitly we have 

4 



O a 



N c + 



- £ (-^ +Ya/2 t~ a G- ia . (D.33) 



Inserting the above expression and the matrix elements of G* a , Eq. (|D.27j) . into (lD.32h one 
obtains 

(£S';JJ 3 ;(^)YIh\0 4 \eS;JJ 3 ;(X^YII 3 } = (_ 1 )^+ft ! +S'-S+J+i/2_L_ 



x(2£ + l)Je q (£ q + l)(2£ q + l) 



N c + 1 

I 1 I 



<*q *-e 



5 

X , , 

18 



(iV c -l)(iV c + 5)(2S+l)(2S' + l){ \ j, ^} 

E ^°- 1,1 k^c^- i - i ks')^^(-i)-^{f '{ 2 § } 

£ C/((A c /x c )(ll)(A M )(10);(A' c M / c )(10)) P ( j^j 



x 

p=l,2 



[^c " 1] 



(D.34) 



The unitary Racah coefficients J7, defined according to Eq. (jC.ip . which are needed to 
calculate HEM]) and (HX341) can be obtain by using the definition 

C/((A lW )(ll)(A / u)(10); (Ai2/ii2)(10)) p = 

£ (-l) Il+ '» +I+ V(2/l2 + 1K2/23 + 1) { I 1 t ^ } 

/ l / a^3^12 7 23 

x((Ai/ii)yi/i;(ii)y a / a ||(A 12m2 )yi2/i 2 ) P ((A 12 /i 12 )y 12 / 12 ;(io)y 3 /3ll(A / u)y/) 
x((ii)y a / a ; (io)y 3 /3||(io)y 2 3/23}((AiMi)n/i; (io)y 23 i 2 3||(A^)y/>, (D.35) 

where the isoscalar factors can be found in Tables IC.lHC.5l The Racah coefficients are 



U((X - 1,//)(11)(A M )(10); (A + 1)(10)) = -I J-^±^_, (D.36) 



U((X + 1, /i - 1)(11)(A M )(10); (A - 1, M )(10)) = \y 2^ix"+ *l 2 y (D.37) 
[/((A, /i + 1)(11)(A//)(10); (A, /i + l)(10)) p=1 = A +^+_ 8 ; (D . 38) 



^ ^ + ^' ^ + WW - V 3 ^^^^ ' (D - 39) 

[/((A - l, /i )(ll)(A M )(10); (A - M)(10)) p=1 = _ 2A +^ 2 , (D . 40) 



17«A - MKIDMPO), (A - l,, )( 10» prf = y ^t^Mgjl , (D.41) 
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U({\ + 1, /x - l)(ll)(A/x)(10); (A + 1, - l)(10)) p= i 



A - /i + 5 



VSA+i,/*-i ' 

tf((A + 1, At - l)(ll)(AAt)(10); (A + 1, // — l)(10)) p=2 = 
_1 /3(A + ^ + 1)(A + At + 3)(A + 3)(/x - 1) 



(D.42) 



(A + l)(At + l)sA+i,„-i 



(D.43) 



All U coefficients, but the 4th one, are of order 0(N®) which can be seen by inserting A = 2S 
and fi = N c /2 — S. This helps in finding the order of the matrix elements of O4. 

The matrix elements of Oq are given by the product of 1/N C and 

(£SJJ 3 ; (X'v')Y'l'l' 3 \t a T?\£SJJ 3 ; (\»)YII 3 ) = <5 AV <W 'Syy'Sh'S^ 

x(-i)EKr yl (^ 22 ^ 



^((A c/ i c )(ll)(AAi)(10);(A c At c )(10)) 



p=i, 



(D.44) 



pp 



where the (—1) sign results from a phase entering the symmetry property of SU(3) Clebsch- 
Gordan coefficients 1241. This is 



(10) (11) 

yi Y a r 



(10) 
Y'V 



6(-i) 



i+i a -r 



(11) (10) 

yaja yj 



(10) 

Y'V 1 



(D.45) 



where £1 = — 1 in this case. The same property has also been used in the calculation of the 
matrix elements of O3 and O4. A simpler alternative is to calculate the matrix elements of 
Oq by using the identity 



t • T r = — (T 2 — Tj. — t 2 



(D.46) 



which gives 

(£SJJ 3 ; (\ti)YII 3 \t a T?\£SJJ 3 ; {Xfi)YII 3 ) 



9\fi 



E B£- Wl (s) 



9\ c 



Pc 



pp 



The formulas (|D.44p and (|D.47j) give identical results. 



(D.47) 



Let us write the matrix elements of the flavor breaking operators t$, Tg and £ig lS which 
have been used to generate Table I0TT0I and RT9l These are 



(eSJJ 3 ;(\'lt')Y'I'I' 3 \T?\(SJJ 3 ;(M)YII 3 ) = S Y Y- S n .S h , k ]T c„,(S)c„.,(S) 



* E 

Y c ,I c ,y,i 



3E C f (A cA t c ) (10) 
2^/3 V Y c [ c yi 



(A M ) 

YI 



(A c /i c ) (10) 
yi 



Y C I C 



(A'//) 
YI 



(D.48) 



(£SJJ 3 ;(\'»')Y'l'l 3 \t 8 \£SJJ 3 (\riYII 3 ) = 6 YY >5 n ,5 l3l , £ c ppl (S)c pp n{S) 



x £ 



3?/ / (AcAt c ) (10) 
. 2^/3 V y ^c yi 



YI 



(AcAtc) (10) 



(AVO 



(D.49) 
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and 



(£S'JJ 3 ; {X'^Y'l'l'^ySJUX^YIh) = 5 YY ,5 II ,5 hI ,(-l) J+e ^- 1 / 2 

:(2£ + l)y/l q (£ q + l)(2£ q + 1)^(25 + l)(2S> + 1) | 1 * 1 } | '[ J, J 

V ( i^ c J^c-i,i] r<?v [iv c -i,i] K /s f 5' 1 5 
2^1 ^ V ^ j \l/2 5 C 1/2 



x 

/'./'■.(/.</' 

" (A M ) \ / (A c/ u c ) (10) 



x V — ( (Ac/ic) (10) 



YI \ Y C I C yi 



(AV) 



(D.50) 



To obtain Table 15.91 and 15.101 we have used the Eqs. (|4.1|) for the coefficients c'^f and 
Table ICTTI for the isoscalar factors of SU(3). Prom their expressions one can find that all these 
coefficients and isoscalar factors are of order iV°. Then it follows that for states with spin 
and strangeness of order N®, the matrix elements of T| are of order N c because Y c = Y — y, 
Y = N c /3 + S so that Y c ~ N c . 

D.2 The [56, 4+] multiplet 

For this multiplet, another method has been used to derived the matrix elements of Oj and 
Bi. One just needs the spin states x an d the flavor states <f> explicitly. 

Consider first the octet. One can write 

\SS Z ; (ll)YII z ) Sym = ±= ( X ^ p + xV) , (D.51) 

with the flavor states (j) p and (j)^ defined in Table \2~2[ The states \ p an d X A have spin 5=1/2 
and permutation symmetry p and A respectively. They can be obtained from <Pp^ n ) an d ^p( n ) 
by making the replacement 

u d ->J., 

where | and [ are spin 1/2 single-particle states of projection S z = +1/2 and S z = —1/2, 
respectively. The three particle states of mixed symmetry and 5 = 1/2, S z = +1/2 are 

x+ = (TIT + ITT -2 TU) , (D.52) 
x % = ±= (TIT - ITT) , (D.53) 

and those having 5 = 1/2, S z = —1/2 are 

X- = 4= (Til + ITI -2 III) , (D.54) 

= ^= (Til - ITI) • (D.55) 
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For the decuplet, we have 

\SS Z ; (m)YII z ) Sym = (D.56) 

with (f) S defined in Table [2TTT x must be an S = 3/2 state. With the previous notation, the 
Y3 m states take the form 

X13 =TTT, (D.57) 

2 2 

X3i =^=(TTI + TIT + ITT), (D.58) 

22 V3 

X|_i = -j= (Til + III + lit) , (D.59) 
Xl_3 =IH . (D.60) 

2 2 
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Appendix E 



Matrix elements of the spin-orbit 
operator for [70, 1~] baryons 



In this Appendix, we derive explicitly two matrix elements of the operators £ l {j)s l {j) and 
£ l (j)s l (k), j ^ k. One can decompose the two operators [5] 

t{j)s\k) = £ (j)s (k) + ±(£ + (j)s„(k)+£-(j)s + (k)), (E.2) 



with 



£o = 4 s = s z , 

£ + =£ x + i£ y , s + = s x + is y , (E.3) 

£— — £ x i£yi S— — $x iSy. 



One has the following matrix elements 

£ \£mi) = mi\£mt), s \ss 3 ) = s 3 \ss 3 ), 



£+\£rn e ) = ^(£-m e )(£ + m e + l)\£m e + 1), s+ = y/(s - s 3 )(s + s 3 + l)s 3 \ss 3 + 1), (E.4) 
£j\£m e ) = y/(£ + m e ){£ -m e + l)\£m e - 1), s_ = y/(s + s 3 ){s -s 3 + l)s 3 \ss 3 - 1). 

Let us first calculate the matrix element of the operators Eqs. (jE.ip and (|E.2p for the 
state 4 N[70, 1~] 1/2" 1/2 with N c = 3. The wave function is given by [85] 

| 4 iV[70,l-]i i) = 

(E.5) 

where 

i>\ m = ~/= ( 2ss P - S P S - P ss ) > ( E - 6 ) 

vC = ^ ( s p s - i ( E - 7 ) 
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Matrix elements of the spin-orbit operator for [70, 1 ] baryons 



where m = —1,0, 1 because \p) ~ Y\ m (see Eq (I2.14p ). The spin part x 1S given explicitly in 
Section El and the flavor part 4> in Tables 0-£3 Using Eqs. (|E~T|) . (TO)) and (|E~5|) one 
obtains 



< 4 iV[70, (3K(3)| 4 iV[70, 
< 4 iV[70, (2) S J (3)| 4 iV[70, 



Taking iV c = 3 in Eq. (|6.4|) one obtains 

3 



^( 4 iV[70,l-]ri|^(,i.s'(./)! , -Y|70.r 



,1-^ 

! 2 2' 



J5_ 

18 : 

18' 



5 
6' 



(E.8) 
(E.9) 



(E.10) 



which is identical to (N^ 2 \£s\Ny 2 ) of Ref. [9J. Taking N c = 3 in Eq. (16. 5p . one obtains 



3 3 



i=i fc^=i 



which is identical to (iV( /2 |^5 c |iV{ /2 ) of Ref. [9]. 
Let us now consider the state IH51 



2 A[70,r 



] 2 2' 



Using the same method as above, one has 



( 2 A[70, (3) S J (3)| 2 A[70, ±) 

( 2 A[70, (2) S *(3)| 2 A[70, ±) 



2 
9' 



Then 



(E.ll) 



(E.12) 



(E.13) 
(E.14) 



^( 2 A[70,1-]1 i|f(j)/(j)| 2 A[70,l- J ' 



3 3 



£ £ < 2 A[70,l-]ii|/ i (7y(*)l 2 A[70 1 l-]- 1 " 1, 

i=i fc^i=i 



1 

3 : 



'2 2' w/ 2 2 3 

which correspond to (A 1 / 2 \£s\A 1 / 2 ) and (A^I&SdA^) of Ref . [U] respectively. 



(E.15) 
(E.16) 
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